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Summary

Data that arise in real-life problems are often enormous in volume and possess highly
complex internal structure. Modern machine learning algorithms aim to extract useful
information from these massive collections of data. However, manipulating such large
datasets is expensive in every respect, such as time, storage space, and energy. It is therefore
natural to seek methods that reduce sample usage and computational cost when designing
algorithms.

There is an inherent trade-off between an algorithm’s accuracy and its resource efficiency.
Approaches that conserve samples or computational cost typically tolerate a controlled
amount of noise, which in turn reduces accuracy. This thesis studies this trade-off from a
theoretical standpoint.

Depending on the types of questions one wishes to answer about a dataset, different
resource-saving strategies may be appropriate. This thesis examines three such strategies.
Chapter [2] studies embedding data from high-dimensional spaces into lower-dimensional ones
to reduce representational and computational complexity. Chapter 3| develops techniques for
reusing samples when answering statistical queries, thereby lowering the number of samples
required. Chapter [4| presents a computationally efficient algorithm for generating synthetic
data that can answer statistical queries while preserving privacy.

Across these settings, we quantitatively characterize the extent to which accuracy must
be sacrificed in exchange for reductions in sample usage and computational resources.

xii



CHAPTER 1

Introduction

When designing a machine learning algorithm to extract useful information from a dataset,
we often strive for resource-efficiency: we seek to obtain accurate information while using
as few samples and computational operations as possible. However, perfect accuracy and
minimal resource usage cannot be achieved simultaneously. Every learning algorithm is
subject to an inherent trade-off between the quality of its output and the amount of data
and computation it consumes. In order to conserve resources, some loss of accuracy must be
tolerated. For example, to reduce the number of required samples, we may reuse data, which
introduces risks of overfitting and cross-contamination. When confronted with highly complex
data, reducing its dimensionality or disregarding certain features may improve computational
tractability but inevitably discards some of the information contained in the original dataset.
Similarly, we may limit the required runtime of an algorithm by relaxing stopping criteria
or by substituting exact values with estimates at intermediate steps, but this will in return
degrade accuracy.

This thesis analyzes the fundamental trade-off between output accuracy and resource
efficiency from a theoretical perspective. We study three different strategies to conserve
sample and computational resources. In each of the problems studied, we provide explicit
quantitative bounds describing how much accuracy must be sacrificed in order to obtain a
specified level of savings in sample complexity or computational cost.

Chapter [2| tackles the problem of representing high-dimensional data in lower-dimensional
spaces. In many real-world data-analysis tasks, each data point may contain dozens or even
hundreds of features, requiring extremely high-dimensional representations. For instance,
modeling the daily average temperature in Chicago may require incorporating factors such

as wind speed, humidity, weather conditions, and many more. Using all of these features



1. INTRODUCTION 2
directly in a learning algorithm imposes significant computational and memory burdens. It is
therefore desirable to compress the data into lower-dimensional representations that remain
faithful to the essential structure of the original points while being far more efficient to store
and manipulate. In doing so, we mitigate the curse of dimensionality, which refers to various
counterintuitive phenomena that arise only in high-dimensional settings and can severely hurt
algorithmic performance. By reducing the dimensionality, we also substantially reduce both
the memory and the computational resources required by downstream algorithms. Chapter
considers a particular setting of this problem, where we embed points from a high-dimensional
space to a lower-dimensional one while preserving, up to a small distortion, only a subset of
the pairwise distances specified by a bounded degree graph G. We provide a general reduction
showing that, in many cases, this is no easier than embedding the points while approximately
preserving all pairwise distances.

Chapter [3| studies how to reuse samples when answering statistical queries about a dataset.
A statistical query is a function that measures a statistical property of the data; for example,
given the dataset of male students at UIC, the average height is a valid statistical query.
A common approach to answering such queries is to draw samples from the dataset and
estimate the answer using only those samples, since working with the entire dataset may be
computationally cumbersome. This naturally raises the question of whether we can reduce
the sampling cost by reusing data points across multiple samples. Chapter |3 explores this
possibility. In particular, we focus on k-wise statistical queries, which are queries evaluated
on samples consisting of k£ data points. For example, given a dataset of all bus stops in
Chicago, the average distance between two bus stops is a 2-wise statistical query, since each
sample consists of a pair of bus stops. Chapter [3| examines two methods for reusing data
points when constructing k-wise samples. For method (1), we show a trade-off between k, the
arity of the query, and M, the total number of queries to be answered. For method (2), we
show that it performs no worse than the baseline method (which does not reuse data points),

and in fact may achieve lower variance in the resulting estimates.
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Switching from conserving sample usage to reducing computational costs, Chapter
proposes an efficient algorithm for generating synthetic data that can be used to answer
statistical queries while preserving the privacy of the original dataset. Protecting the privacy
of individuals who contribute data is an important ethical requirement in modern data
analysis. While aiming to obtain accurate answers to statistical queries, we must ensure that
no participant’s sensitive information can be leaked or inferred. For example, if we wish
to study the correlation between household income and GPA among UIC students, we aim
to understand this correlation for the population as a whole without revealing the income
or GPA of any specific student. One resource-efficient approach to achieving this privacy
goal is to release a synthetic dataset that approximates the answers produced by the real
dataset but consists entirely of artificial data points. Once such a synthetic dataset is released,
any downstream analysis automatically inherits its privacy guarantees, eliminating the need
for repeated privacy-preserving computations on the true data and thereby simplifying the
overall computational pipeline.

From an algorithmic standpoint, prior work leaves an under-explored territory between
existing approaches. On one end, generating a synthetic dataset that is accurate for an
arbitrary query class is computationally intractable in the worst case [40, [41]. On the other
end, existing polynomial-time algorithms apply only to restricted families of queries, such as
counting queries [24]. More general methods that handle broad classes of queries typically
rely on oracle efficiency, meaning they assume that NP-hard optimization subroutines can
be solved efficiently in practice [44), [17]. Chapter /| fills this gap. Our algorithm avoids
oracle assumptions by imposing mild analytical conditions on the query class, namely twice
continuous differentiability, and under these conditions achieves running time polynomial in
the input size for a broad family of statistical queries.

Each of the subsequent chapters is self-contained and focuses on its own specific problem.
The remainder of this chapter provides the necessary background and technical tools that

will be used throughout the thesis.
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1. Dimension Reduction

Dimension reduction is a cornerstone of modern data analysis and theoretical computer
science, providing methods to represent high-dimensional data in lower-dimensional spaces
while preserving essential geometric properties. In particular, we are interested in preserving
pairwise distances between data points in the space.

In Chapter [2, we say that an embedding f from a metric space (X, dx) to a metric space

(Y,dy) has distortion at most D > 1 if there exists r > 0 such that

TdX(J?,y)de(f(l’),f(y))SDT’dX<I,y) Va,y € X.

The Johnson-Lindenstrauss (JL) lemma [32] is a seminal result, establishing that any

logn/e%) (the Euclidean space in

set of n points in Euclidean space can be embedded into 620(
O(logn/e?) dimensions) while preserving all pairwise Euclidean distances up to a (1 + ¢)
distortion. It was shown by Larsen and Nelson that this bound is tight up to constant factors

for e € (n7%49 1) (see [34, Theorem 2| for a more general statement).

LEMMA 1.1 (Johnson-Lindenstrauss Lemma [32]). For any 0 < e < 1 and any integer
m >4, letk = 201&_#. Then for any set V of m points in RN, there exists a map f : RN — RF

such that for allu,v € V,
(1=e)lu—v[* <[l f(w) = fM]* < (L +e)[[u—v|>

Another seminal result in the theory of metric embeddings is Bourgain’s embedding
theorem [12], which asserts that every metric space on n points can be embedded into
Euclidean space with distortion O(logn); this is known to be tight up to constant factors

(see, e.g., [35]).

THEOREM 1.2 (Bourgain’s Theorem[12]). Every n-point metric space (V,dy) can be

embedded in s with distortion at most O(logn).
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2. PAC Learning and Statistical Query Learning

Machine learning is the study of algorithms that learn from data to make accurate
predictions or decisions on new, unseen inputs. Formally, let X’ be a set of examples (or input
space) and Y be a set of possible labels. Let C be the concept class, which is a collection of

target functions ¢ : X — ). A learning algorithm A receives a sample of labeled examples

S = {(xb C(ml))y cee (xna C(xn))}v

drawn independent and identically distributed (i.i.d.) from an unknown distribution D over
X, and outputs a hypothesis h € H. The goal of learning is to produce a hypothesis whose
generalization error

errp(h) = Pr [h(x) # c(x)]

x~D
is small; that is, h should perform well not only on the observed sample but also on fresh
examples drawn from the same distribution.
The Probably Approzimately Correct (PAC) learning framework introduced by [42]

formalizes this objective and is the most foundamental definition for learnability.

DEFINITION 1.3 (PAC Learning, [42]). A concept class C is said to be PAC-learnable
if there exists an algorithm 4 and a polynomial function poly(-) such that for all ,§ >
0, all distributions D over X', and all concepts ¢ € C, if the sample size satisfies n >
poly(l/e, 1/6,m, size(c)), the hypothesis hg output by A on a sample S ~ D" satisfies

SE& lerrp(hs) <e] >1—4.

Moreover, if A runs in time polynomial in 1/e, 1/§, m, and size(c), then C is said to be

efficiently PAC-learnable.

In this definition, m is a number such that the computational cost of representing any
x € X is at most O(m) and size(c) denote the computational cost to represent any c € C.
Statistical query (SQ) learning is an alternative framework for machine learning. Originally

introduced by [33], SQ learning aims to learn a target function class C under PAC guarantees
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using access to an SQ oracle rather than labeled samples. In this thesis, we take C to be
a class of Boolean functions ¢ : X — {+1,—1}. Definition formally introduces an SQ

oracle.

DEFINITION 1.4 (SQ Oracle, [36]). Let X be a domain, let D be a distribution over X,
and let Q be a class of statistical queries ¢ : X™ — R. Given a query ¢ € Q and a tolerance

parameter 7 > 0, the statistical query oracle SQp(q, T) returns a value v € R in the interval
[Exp[a(X)] = 7, Exopnla(X)] + 7]

DErINITION 1.5 (Efficient SQ Learning, [36]). We say an algorithm A efficiently SQ-learns
a concept class C if for every ¢ € C, every probability distribution D over X', and every € > 0,

there exists a polynomial p(-,-,-) such that:

(1) A makes at most p(1/e,n,|C|) calls to the SQ oracle,
(2) the tolerance 7 satisfies 1/7 < p(1/e, n,|C|),

(3) the queries ¢ are evaluable in time p(1/e,n,|C|),

and A outputs a hypothesis h satisfying errp(h) < e.

Notice that unlike Definition [I.3] this definition contains no failure parameter ¢, since the
SQ oracle allows no failure probability and is assumed to always return answers within the
prescribed tolerance. This makes SQ learning a natural restriction of PAC learning: if a class
C is efficiently SQ-learnable, then it is also efficiently PAC-learnable. Indeed, an SQ oracle
can be simulated by taking an empirical average over a sufficiently large sample for each
query. Standard concentration bounds, such as Hoeffding’s inequality (Theorem , ensure
that this simulation succeeds with high probability. Formal statement for the simulation is
given in Proposition [3.4]

Next, we introduce the ¢;-sensitivity of a statistical query in Definition 1.6l The ¢;-
sensitivity measures the magnitude by which perturbing a single data point can change a

query’s output in the worst case. This definition is used in both Chapter [3] and Chapter [4]
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DEFINITION 1.6 (¢;-sensitivity). Let ¢ : X™ — R. The (record-level) ¢;-sensitivity of ¢ is

Ai(q) = max |¢(X) — q(X)],

XX/
where X ~ X’ denotes two databases X, X’ € X" that differ in exactly one record.
3. Differential Privacy

As large-scale data collection becomes more common and technologies make it easier
to congregate information across sources, preserving the privacy of individuals in datasets
has become a central problem in data analysis. Consequently, it is important to develop
formal frameworks to reason about privacy and algorithms that can be provably meet these
guarantees. Differential privacy provides exactly such a framework. An algorithm is said to
be differentially private if the outcome of any analysis does not alter significantly whether or
not any one person’s data is included, thereby ensuring that individuals face no additional

risk by choosing to participate. Definition gives the formal definition.

DEFINITION 1.7 (Differential Privacy [14]). A randomized mechanism M with input
space X is (g, d)-differentially private if for all S C Range(M) and for all neighboring inputs

x,x' € X such that ||z — 2'||; < 1
PM(z) € S] < e PM(2') € S| + 4,

where the probability space is over the randomness of M.

In this thesis, differential privacy appears in two different roles. In Chapter [3] we employ
differential privacy as a notion of algorithmic stability. At a high level, differential privacy
guarantees that changing a single input example does not significantly alter the algorithm’s
output. This perspective suggests that a differentially private algorithm must be stable under
small perturbations of the training sample. Since generalization from a particular training
sample to the underlying data distribution can be viewed as requiring robustness to small
perturbations of that sample, we draw on results from the differential privacy literature to

establish generalization guarantees for our learning algorithms. In Chapter [ differential



3. DIFFERENTIAL PRIVACY 8
privacy plays a more direct role: our objective is to design an algorithm that generates
synthetic datasets while satisfying prescribed (g, §)-privacy guarantees.

The standard way to achieve differential privacy for real-valued queries is the Laplace
mechanism. The probability density function of the Laplace distribution is given in[A.3] The
mechanism protects privacy by adding a controlled amount of noise to the true query output.

Definition (1.8 states this formally.

DEFINITION 1.8 (Laplace Mechanism [14]). Given a query ¢ : X™ — R with ¢;-sensitivity

Aq(q) = p, the Laplace mechanism outputs
ML(Xv Q()a 5) = q<X) + 57
where ¢ is drawn from Laplace(&; p/e), the Laplace distribution centered at 0 with scale p/e.

A key fact about the Laplace mechanism is that it satisfies differential privacy, as stated

in the next lemma.
LeEMMA 1.9 ([14]). The Laplace mechanism satisfies (¢,0)-differential privacy.

The tail behavior of the Laplace mechanism is also well understood.

LEMMA 1.10 (Rephrased from [16]). Let ¢ : X™ — R and let v = My (X, q(-),e). Suppose
the ¢y -sensitiwvity of q is A1(q) = p. Then for all 6 € (0,1],

]P)|:‘Q(X) — v > ln(%) : (g)} <.

There are two useful bounds on the privacy loss when we compose multiple algorithms:
simple composition and advanced composition. Simple composition provides the elementary
bound that, when a learner uses independent queries, its privacy equals to the sum of privacy
of all queries. Advanced composition deals with the more complicated situation, one where
the learner poses adaptive queries to the same database repeatedly. The exact statements of

the two composition results are provided below.
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LEMMA 1.11 (Simple Composition [16]). Let A; : X* — {0,1} be an (g, 6;)-differentially

private algorithm for i =1,--- M. Then A = (Ay,..., Ay) is differentially private with
parameters <Zf\i1 e, oM 5,-) .

LEMMA 1.12 (Advanced Composition [18]). For all €,6,6' > 0, the class of (g,0)-
differentially private mechanisms satisfies (¢', Mo + &')-differentially privacy under M -fold

adaptive composition for
e =e\/2MIn(1/0") + Me(ef — 1). (1)
When ¢ is small, the M-fold adaptive composition achieves (¢',8")-differential privacy for
e€=0 (6\/W(1/(5')> (2)

The proofs of Lemma Lemma Lemma|l.11} and (1)) of Lemma can be found
in their respective references. The proof of of Lemma is given in Chapter



CHAPTER 2

On lower bounds for local versions of metric embeddings

1. Introduction

Local dimension reduction. In numerous applications, particularly those dealing with
massive or inherently complex datasets like social networks or biological data, preserving
the full distance information is often unnecessary and may be computationally expensive
without incurring high distortion. Instead, maintaining the local structure of the data — the
geometry and relationships of “neighboring” points — is of primary interest. This motivates
the formal study of local dimension reduction, initiated by Abraham, Bartal, and Neiman
[1] (see also the expanded journal version [3]). They proposed several novel formalisms [1
Definition 1] to capture the notion of local distortion that are based on the metric space’s
intrinsic structure, such as k-local distortion: an embedding f from a metric space (X, dx)
to a metric space (Y, dy) is said to have k-local distortion « if dy (f(u), f(v)) < dx(u,v) for
all u,v € X and dy(f(u), f(v)) > dx(u,v)/a for every u and every v which is among the
k-nearest neighbors of w.

The results of [1] demonstrated that for their metric-based notions of local distortion,
it is often possible to achieve embeddings with distortion or dimension dependent only on
the locality parameter (e.g. k, in the notion of k-local distortion above) rather than the
total number of points n. For instance, improving their result [I, Theorem 2], they showed
in follow up work [2, Theorem 1] that any metric space (on n points) can be embedded
into 5" " k) ith k-local distortion O(logk/p) (for any k <mn, 1 <p <logk). In the low
distortion setting of the JL lemma, they showed |2 Theorem 2] that for any € > 0 and p > 1,

lo8k/¢") Wwith k-local distortion (L+e).

an ultrametric space admits an embedding into 61?(
A natural question (asked in [I, Section 11]) is whether the ultrametricity assumption

in the above result can be removed; specifically, is there a k-local version of the JL lemma,

10
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logk/=) with distortion (1+¢&)? This

i.e. can any finite set of points in ¢, be embedded into EQO(
was answered in the negative by Schechtman and Shraibman [38], who constructed a set of
n 4+ 1 points X C R™ such that any embedding f : X — ¢5* with 3-local distortion (1 + ¢)
(for a sufficiently small constant € > 0) must have dimension m = Q(logn) [38 Theorem 9]
(see also [38, Theorem 8] which obtains a lower bound with near optimal € dependence under
more requirements on the embedding).

Graphically local dimension reduction. The focus of this chapter is a different, graph-

ical notion of local dimension reduction, which was studied by Schechtman and Shraibman

[38, Section 5].

DEFINITION 2.1 (G-local Distortion). Let (X, dx) and (Y, dy) be metric spaces. Let
G = (X, E) be a graph whose vertices are points of X. We say that a (not-necessarily
injective) map f : (X,dx) — (Y,dy) is a G-local D-embedding, where D > 1 is a real

number, if there is a real number r > 0 such that

redx(z,y) <dy(f(2), f(y) <D -r-dx(z,y)  VHa,yp e F (3)

The infimum of the numbers D > 1 such that f is a G-local D-embedding is called the

G-local distortion of f.

REMARK 2.2. In the case that GG is the complete graph on X, this reduces to the usual
notion of (global) distortion. Also, k-local distortion essentially corresponds to the case when

G is the k-nearest neighbour graph on X.

Perhaps the most natural choice of locality parameter in this setting is the maximum
degree A of the graph G. In a similar spirit as the work of Abraham, Bartal, and Neiman [1],
one can ask whether it is possible to achieve embeddings with G-local distortion or dimension
dependent only on this locality parameter A. The possibility of this is suggested by the
following example, highlighted in both [2] and [3§].

EXAMPLE 2.3. Let (X,dx) be the set of points X = {eq,...,e,} CR" endowed with the

FEuclidean metric. Alon [4] showed that any embedding f : (X, dx) — (3" with distortion
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(1 +¢) must satisfy m = Q(logn/(log(1/€)e?)). However, for any G = (X, E) of mazimum
degree A, one may construct a G-local embedding g : X — €§(1°g AIE) with distortion (1+¢)
as follows. First, since G has maximum degree at most A, we may greedily find a map
h:X —{en,...,eas1y C U1 such that h(u) # h(v) if {u,v} € E. The crucial property of
h is that it is a G-local isometry i.e for any {u,v} € E, dx(u,v) = ||h(u) — h(v)||2. Now, we

log A/e?)

compose h with a Johnson-Lindenstrauss map from (57 to 6(2')( to obtain the desired

embedding g.

Since Example gives a standard “hardness” example for the Johnson-Lindenstrauss
lemma (Lemma [L.1]), one may ask whether there is a G-local version of the JL lemma whose
dimension depends only on the maximum degree A. For instance, this was asked in [30],
where it was observed that if this were true, the embedding achieving this result would
necessarily have to be non-linear. To the best of our knowledge, the only lower bound known
for this problem is due to Schechtman and Shraibman. In [38 Theorem 11], they show that
for X as in Example and for any d-regular G = (X, E') with d > 3 and second eigenvalue
bounded by d/2, any G-local (1 + ¢)-embedding f : X — ¢5* which is non-contracting
(i.e. satisfies || f(z) — f()]l2 = (1 — ¢)||z — y|2 for all x,y € X) must satisfy m = Q(logn).
Of course, the non-contracting assumption precludes the embedding of Example [2.3] which
achieves m = O(log A/&?).

Our contribution. We show that in many settings of interest, including those of the
JL lemma and Bourgain’s embedding theorem (Theorem , G-local embeddings do not
provide any asymptotic saving in the dimension/distortion over global embeddings. This is in
sharp contrast to metrically local embeddings (as in [1]) for which such savings are possible
in high distortion regimes, as discussed above.

Our main technical contribution is a general reduction (Theorem [2.5), which takes
as input a metric space (X,dy) and constructs a metric extension (Z,dy) along with a
graph G = (Z, E) of maximum degree 3 such that any map f : (Z,dz) — (Y,dy) which
(approximately) preserves distances for points in Z connected by an edge must necessarily

(approximately) preserve all pairwise distances among points in X (in fact, there is a version
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of this statement for any distortion D). By applying this reduction with (X, dx) being a
known hard instance for some metric embedding problem, we are able to construct hard
instances for G-local metric embeddings. We illustrate this with two applications: Corollary
2.9, which is a lower bound for G-local JL which is optimal up to a constant (unless ¢ is too
small as a function of n) and Corollary 2.8 which is a lower bound for G-local embeddings of
arbitrary finite metric spaces into Euclidean space, which is again optimal up to a constant.

We also highlight some open problems.

2. Statements and proofs
In light of the equilateral space example (2.3)) and anticipating an open problem, we will
track the aspect ratio of the metric spaces appearing in the statements of our results.
DEFINITION 2.4 (Aspect Ratio). Let (X, dx) be a finite metric space. The aspect ratio

of X is defined to be the ratio of the maximum to minimum distance in X, i.e.

mMaXy£y dX (SL’, y)
minx;éy dX (JI, y)

AX =
Our main result is the following.

THEOREM 2.5. Let (X,dx) be a metric space with | X| =n and aspect ratio Ax.

Suppose for a metric space (Y,dy), there exists a real number D > 1 such that any
embedding f : (X,dx) — (Y,dy) has distortion at least D. Then, for any § € (0,1/100),
there exists a metric space (Z,dz) — with | Z] = O(n?) and aspect ratio Ay = O(Ax-D?*logn/d)
—and a graph G = (Z, E) with mazimum degree 3 such that for any h: (Z,dz) — (Y, dy), the
G-local distortion of h is at least D — 9.

Moreover, if (X,dx) is an {,-metric space for p € [1,00], then (Z,dz) can be taken to be

an £, metric space as well.

Remark. We record several remarks about the optimality of this result.

(1) The bound of 3 on the maximum degree of G is the smallest possible. In Proposition

2.7, we show that for any finite metric space (X, dx) and any graph G = (X, E) of



2. STATEMENTS AND PROOFS 14
maximum degree at most 2, there exists a G-local isometric embedding f : X — 612).
On the other hand, as discussed earlier, there are examples of (X, dx) such that any
embedding into ¢y incurs distortion (logn).

(2) The bound |Z| = O(n?) cannot be improved in general. Indeed, Indyk and Wagner
[29] Theorem 6.2] showed that (n?log(1/¢)) bits are required to sketch finite metric
spaces on n points for which all distances are between 1 and 2, up to distortion
(14 ¢) (see |29 Section 2] for formal definitions). Applying our theorem with
(Y,dy) = ls (into which every metric embeds isometrically) and 6 = ¢, it follows
that storing the resulting metric (Z,dz) restricted to the edges of G = (Z, F),
up to relative error (1 + ¢), gives a sketch for (X, dx) with distortion (1 + 2e¢).
By rounding each of the O(|Z]) distances we need to store to the nearest integer
power of (14 ¢) and storing the exponent (after appropriate scaling), this requires
O(Z]|log(log(n/e)/e)) = O(|Z|1log(1/e) + | Z|loglog(n/e)) bits, which contradicts
the lower bound in [29] (say for € < 1/logn) unless |Z] = Q(n?).

(3) On the other hand, we do not know of any obstruction showing that the bounds
on the aspect ratio Az are not improvable. In particular, it would be interesting
if there is a construction with both A(G) and Az depending only on Ax, D,d (in

particular, independent of n). See the remark following Corollary

PROOF OF THEOREM [2.5]. Since |X| = n, it follows that (X, dx) can be isometrically
embedded in ¢7 (e.g., using the Frechét embedding, see [35]); in particular, we may identify
X with a subset of points in /2. By adding an arbitrary extra point to X if needed, we may
(and will) assume without loss of generality that n is even.

Let eq,...,es,_o denote the standard basis of &2);‘_2 and for i € [2n — 2], let v; == « - ¢,

where o will be chosen later. Consider the following set of points in ¢*7=2,
Z=XU{z+v:xe X iec2n-2]}

and let (Z,dz) be the metric space induced by the ¢, metric on these points. Note that
|Z| = O(n?), as claimed.
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We will construct a graph, G = (Z, E) such that (Z,dz) and G will satisfy the conclusion
of the theorem. The edges of GG are the union of the following two sets E; and Es:

Ej is the union of | X| disjoint complete binary trees, rooted at z € X, where the different
binary trees span the points {x,z4wvy, ..., 2+ vy, o} for different choices of 2 € X. Note that
each tree has [(2n —1)/2] = n leaves; we will assume that these leaves are z 4 vy, ...,z 4 v,.
Note that in E7, the roots have degree 2, the leaves have degree 1, and all other vertices have
degree 3.

We now describe the set Ey. Let K, denote the complete graph on X (recall that | X| =n
is even, without loss of generality). By Baranyai’s Theorem (Theorem , the edges of K,
can be decomposed into a disjoint union of (n — 1) (perfect) matchings M, ..., M, (see
Figure for an illustration).

w T

FI1GURE 2.1. K, can be decomposed into three disjoint perfect matchings
Ml, MQ, and Mg.

We define
Ey = {{x—i—vj,y—l—vj} :{z,y} € M, for some j € [n — 1]}

In words, for each pair of points {z,y} in X, let M; be the unique matching in which the
edge {z,y} appears. Then, F5 contains an edge between z + v; and y + v;. Clearly, Ej is
itself a matching, i.e. has maximum degree 1. Also, since x + v; is a leaf in E; for j € [n],
it follows that G = (Z, F) with E = E; U E5 has maximum degree 3. See Figure for an

illustration.
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T+ vs w + vs
T+ v w + vy
z4+ v Y+ v

Z + Us Y+ s

z Y

FIGURE 2.2. The construction of G = (Z, F) for X = {w, x,y, z}. The edges
in E’', corresponding to the decomposition in Figure are depicted in blue.

To complete our construction, we specify the choice of a. Let v := min,, dx(z,y) be
the minimum distance between two distinct points of X. We set a = §v/(8D*log(2n)).
With this choice of parameters, the assertion about the aspect ratio of (Z,dz) is immediate.

Additionally, we have the following.

CLAIM 2.6. Suppose the map h : (Z,dz) — (Y,dy) is a G-local D’-embedding with
D" < D (i.e. satisfies Equation (3]) with some » > 0 and 1 < D’ < D). Then, for any z € X
and j € [n],

dy (h(z), h(z +v;)) <7 -6/8D -

PROOF. By construction, there is a path from z to x + v; of length at most [log(2n)] in

E. The edges of the path are of the form {z,x + vt} or {x + vi, x + v,}. Denoting the points
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along the path by x = y1,92,...,ys =  + v;, we have

dy (h(x), h(z + v;)) < dy (h(y1), h(y2)) + - - + dy (M(ys-1), h(ys))
<r-D-(dz(yr,y2) + - +dz(Ys-1,Ys))
<r-D-(s—1)-«
<r-0/8D-7;
here, the first inequality is the triangle inequality; the second inequality uses that h is a

G-local D'-embedding with D" < D; the third inequality uses dz(yk, Yx+1) = «, which is true

by construction; and the last inequality uses our setting of « along with s < [logn]. 0

With this claim in hand, we proceed with the proof of the theorem. Suppose for contradic-
tion that there exists h : (Z,dz) — (Y, dy) which is a G-local D’-embedding with D’ < D —9.
Let f = hlx : (X,dx) — (Y,dy) denote the restriction of h to X. We will show that the
distortion of f is strictly less than D, thereby contradicting our assumption.

For z,y € X, x # y, let j € [n — 1] be such that {z +v;,y +v;} € Ey C E; recall that

such a value of j is guaranteed to exist by construction. Then,

dy (f(x), f(y)) = dy (h(z), h(y))
< dy (@), ha + 7)) + dy (Ao +03), by + 7)) + dy (A(y + ), h(w)
<r-(D—=9¢)-dg(x+vj,y+v))+2-1-6/8D -~
=1+ (D= 0)-dyla,y)+7-/4D
=r-(D—=9)-dx(z,y)+7r-6/4D -~
<r-(D=9)-(146/4D) - dx(z,y);
here, the second line is the triangle inequality; the third line follows from Claim and the

assumption that h is a G-local (D — §)-embedding; the fourth line follows since the metric

on Z is a norm; and the last line follows from the definition of ~.
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Similarly, we have

> —dy (h(x), h(z + v)) + dy (h(z 4+ v)), h(y + v;)) — dy (h(y + v;), h(y))
>r-dz(x+v,y+vj))—2-7-0/8D -~
=r-dx(z,y)—7r-6/4D -~

>r(1—46/4D) - dx(z,y).

Combining the above two equations shows that the distortion of f is bounded above by
(D —0)(146/4D)(1 —§/4D)~", which is at most D by our assumption § < 1/100; this gives
us the desired contradiction.

Finally, for the “moreover” part, if (X, dy) is an ¢, metric space to start with, then we
can view X as a subset of points in £ for N = (}) (see, e.g. [35, Proposition 1.4.2]) and

repeat the proof above. 0

2.1. Graphs of maximum degree two. As remarked after the statement of Theorem
2.5 one cannot prove the theorem with graphs of maximum degree 2. This follows from the
below proposition due to Sidhanth Mohanty, who has kindly agreed to let us include its proof

here.

PROPOSITION 2.7. Let X C ¢, be a finite set of points. For any graph G = (X, E) of

mazximum degree at most 2, there exists a G-local isometry (i.e. 1-embedding) f : X — 612,.

PROOF. Since G has maximum degree 2, it is a disjoint union of paths and cycles.
Therefore, it suffices to prove the proposition in the special case when G is a path and
when G is a cycle. When G is a path, say ©; — 29 — --- — x,,, one may even construct
a G-local isometry f : X — 6119 by setting f(z1) = 0, and iteratively, setting f(x;) =
f(@iza) + i = zicalfp.

Next, consider the case when G is a cycle: 1 — ...z, — ;. We will construct a G-local

isometry f : X — (2. Initialize by setting f(z1) = 0 and f(z,) = [|1 — @y, - e1. We
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will construct f(za),..., f(z,—1) iteratively with the property that || f(z;) — f(xi—1)|l, =
|zi — xiz1]|p and || f(x;) — f(xn)ll, = ||xi — @n||, as follows. Let S(z,7) denote the sphere in
(2 of radius 7, centered at x. Since ||z, — i, + [|2im1 — 2illp, > |20 — iz1]lp, it follows that
S(xi1, || Tie1 — mil|p) NS (@, |20 — z4l,) # 0. To complete the iteration, let v; denote an
arbitrary point in this intersection and set f(z;) = v;. Figure illustrates this construction

for the case when G is a triangle: x; — x5 — x3 — x1. O

X2

x3

Ty

(a) (b)

FIGURE 2.3. (a): G is a triangle: 1 — 29 — x3 — 7.
(b): Construction of a G-local isometry to £2.

2.2. Applications. We conclude with two quick applications of Theorem [2.5] First, as
discussed in the introduction, it was shown by Abraham, Bartal, and Neiman [2], Theorem 1]

2
1o87k) with k-local distortion

that any metric space on n points can be embedded into Eg (
O(log k/p) (for any k < n and 1 < p < logk). We show that for graphically local embeddings,
this fails in a strong sense: below, we provide an example of an n point metric space and a
graph GG of maximum degree 3 such that any G-local embedding of this metric space into ¢
incurs G-local distortion Q(logn) (recall that O(logn) global distortion is always achievable

by Bourgain’s theorem). We remark that a similar argument works for all ¢, spaces with

fixed p > 1.

COROLLARY 2.8. For any integer n > 2, there exists a metric space (Z,dz) with |Z| = O(n)
and a graph G = (Z, E) of maximum degree 3 such that any G-local embedding of (Z,dz)

into Uy has G-local distortion Q(logn)
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PROOF. It is well known that there exists a metric space (X, dx) on ©(y/n) points such
that any embedding of (X,dx) into ¢5 incurs distortion (logn); for instance, one can
take (X, dx) to be the graph metric on a sufficiently good expander with ©(y/n) vertices
(see, e.g. [35, Theorem 3.5.3]). The statement now follows by applying Theorem to this
with D = 26 = O(logn). O

Next, we show that that, in general, G-local dimension reduction is no easier than global
dimension reduction, even for graphs of maximum degree 3. Previously, such a construction
was only known under the additional restriction that the embedding is noncontracting (recall

[38, Theorem 11] due to Schechtman and Shraibman).

COROLLARY 2.9. For any integers n,d > 2, any ¢ € (log"”" n/y/min(y/n, d), 1/100),

there exists a set of points Z C R and graphs G = (Z, E) of mazimum degree 3 such that
the following hold:

* |Z] = O(n);

e the aspect ratio of the Euclidean metric on Z is O(logn - €72);

e for any map f : Z — R™ satisfying

lo = yll* < [If (@) = fFWl: < A+ o)z —yl:  Y{zy} € E,

we must have

m = Q(e 2 log(e’n)).

PROOF. Let n’ := |y/n]. The main result of Larsen and Nelson [34] shows that for any
n';d > 2 and ¢ € (log”"" n'/y/min(n’, d), 1/100), there exists a set of points X C R? of size
n’ with aspect ratio O(¢™!) such that for the Euclidean metric space (X, dy), any embedding
f:(X,dx) — R™ with distortion (1 + 2¢) must satisfy m = Q(e?log(e?n)). The result now
follows by applying the “moreover” part of Theorem to (X,dx) and (R™, || - [|2) with
D=1+2andd=c. U
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3. Open Problems

Our result leaves open the following questions.

(1)

For global dimension reduction, Larsen and Nelson [34] are able to provide such a
lower bound for every integer n,d and any e € (log”*"" /y/min(n, d), 1/100). Is the
same lower bound also true for G-local dimension reduction for the entire range of
e? In our result, when d > y/n, the range of ¢ is more limited than in [34].

More interestingly, do there exist lower bound instances with bounded aspect ratio?
Or is it the case that for every Euclidean metric space X on n points whose distances
are all between 1 and ®, and for every graph G = (X, F) with maximum degree
A, for every € > 0, there exists a G-local embedding of X into (7" with distortion
(1+¢€) and with m = f(e, A, ®)? Observe that this is true for the special case ¢ =1
(Example 2.3). Also note that, since storing all distances appearing in G to (1 + ¢)
multiplicative error only requires O(nAlog(1/e) + nAloglog ®) bits, the existence
of such an embedding cannot be ruled out simply by sketching arguments (for the
JL lemma, the tight lower bound can be obtained from lower bounds on sketching,

see [5]).
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CHAPTER 3

On Sample Reuse Methods for Answering k-wise Statistical Queries

1. Introduction

In this chapter we study the sample complexity of answering M different k-wise statistical
queries (SQs). k-wise statistical queries are a generalization of the statistical query model
introduced by [33] and widely studied thereafter [9), 10]. Whereas statistical queries look at
the expectation of a function ¢ : X — R from one data point in some domain X onto the
real line, k-wise queries ¢ : X* — R take a sample of size k > 1. The importance of being
able to answer k-wise queries for larger values of k is illustrated by [19], who showed that as
k increases, strictly more problems can be solved using k-wise queries.

To answer a sequence of M k-wise statistical queries accurately, the straightforward
approach is to randomly split the data into M disjoint parts — one part for each query —
and then compose independent k-wise samples within each part. This approach guarantees
accuracy since the outputs for different queries are mutually independent, but it is wasteful
in the use of data. There are two natural ways to improve beyond the baseline sampling

approach:

(1) Given n data points, create n/k (assuming k divides n) mutually independent pseudo-
samples by drawing k independent and identically distributed (i.i.d.) points from
the sample domain at a time. The pseudo-samples are to be reused among the M
queries in which case the queries would be considered adaptive.

(2) Given n data points, first split them into M disjoint parts (assuming M divides n)
and then create k-wise samples within each part by taking all (”/kM ) subsets of size
k. Under this approach, the queries are considered non-adaptive whereas the k-wise

samples used to evaluate each query are dependent.

22
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A line of previous work investigates the sample complexity of answering adaptive SQs ([25],
[8], [20], [21], etc.) In particular, up to logarithmic factors, [20] gives the same sample
complexity lower bound as our method (1) for answering unary queries (k = 1) and [8] gives
the same bound as our method (1) for general low sensitivity queries. Despite providing
comparable bounds, our work tackles the problem at a different angle than previous work.
We focus on the more general k-wise case and find a sample complexity trade-off between the
baseline and method (1) depending on the relative values of k, the arity of the query, and M,
the total number of queries to be answered. We also study improvement in time complexity as
a result of reusing samples when answering low-sensitivity k-wise queries, which is discussed
more in detail in Section [] It is worth noting that since results for non-adaptive queries are
already given by VC theory, we are only concerned with the case with adaptive queries for
method (1). For method (2), we compare its accuracy in terms of the variance of the output
and show that it performs no worse than the baseline non-reuse strategy, and possibly better.
In the remaining parts of the chapter, Section [2| provides rigorous statements of definitions
and technical tools, Section [3| introduces the naive sampling approach, Section [4] and Section
discuss results of the two sample reuse methods, and Section [6] compares known sampling

methods for k-wise SQs in terms of their sample and time complexity.

2. Preliminaries

We first give the definition of a k-wise SQ oracle. In this chapter, we restrict our attention

to k-wise statistical queries with binary range, namely functions ¢ : X* — {0,1}.

DEFINITION 3.1. (k-wise SQ Oracle [19]) Let D be a distribution over a domain X
and 7 > 0. A k-wise statistical query oracle SQg)(q, T) takes as input any query function

q: X% —{0,1} and a value 7 > 0 and returns some value v such that

v—Ex pr[g(X)]| <7
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One main technique we used to study reusing pseudo-samples among adaptive queries is
the Transfer Theorem developed in [8]. Before introducing it, we first define what it means
for an algorithm to be accurate with respect to a collection of samples and with respect to a

population.

DEFINITION 3.2 ((«, 8)-Accuracy [8]). A mechanism M is («, f)-accurate with respect
to a set of n samples X € X for M adaptively chosen queries ¢ € Q if for all sequences of
query output (ala U 7aM)7

P | max <al>1-7.
je[M]

a; — % > 4(X)

1€[n]

A mechanism M is («, §)-accurate with respect to the population for M adaptively chosen

queries ¢ € Q given n samples X € X if for all sequences of query output (ay,--- ,an),
P|ma i — Exo -X)<a >1—p.
LEU‘% a; X DQJ( )| < } = B

We are now ready to state the Transfer Theorem, which shows that any differentially
private learner that is accurate on its sample must also generalize to the population from
which the sample was drawn. In the original notation of [8], the authors use the term
“max-KL stability” to refer to the differential privacy model of [15], emphasizing it as one
of the various notions of stability in machine learning. In Lemma 3.3, we adopt the term

“(e, 9)-differentially private” instead for consistency of notation with the rest of the chapter.

LEMMA 3.3 (Transfer Theorem [8]). Let Q be a family of queries on X* of {-sensitivity
Aq1(q) = p. Assume that for some «, 5 € (0, 0.1), an algorithm A is
(1) (' = a/64pn, &' = af/32pn )-differentially private for M adaptively chosen queries
from Q and
(2) (o = /8, B = aff/16pn )-accurate with respect to its n samples from X* for M
adaptively chosen queries from Q.
Then A is («, B)-accurate with respect to the population for M adaptively chosen queries from

Q given n samples from X*.
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One can achieve the privacy requirement in the Transfer Theorem through the Laplace

mechanism as stated in Lemma [L.Ol

3. Baseline simulation of an SQ oracle

In this section we discuss the sample complexity of learning with k-wise SQs without
sample reuse. An algorithm simulates a k-wise SQ oracle by taking empirical averages. This
simulation is extended from the one given by [33] for (one-wise) SQ oracles. In the k-wise
case, to each query function ¢; the learner feeds it a fresh batch of n i.i.d. pseudo-samples
Si = {X1, -+, Xz}, where each pseudo-sample X; = (z,,---x;,) consists of k data points.
Then it computes the empirical average of ¢;(X) over the set of pseudo-samples S;. With
high probability, the empirical average will fall within the amount of tolerance allowed by

the SQ oracle from the true expectation of ¢;, thanks to concentration inequalities.

PROPOSITION 3.4. Let C be a class of functions. Suppose there exists an SQ learner that
makes M k-wise statistical queries of tolerance T to learn C, then there exists a simulation

algorithm, which does not reuse any samples, for which a set of i.i.d. samples of size

-ofetm(¥))

is sufficient to PAC learn C with error bounded by € and probability of failure bounded by §.

PrROOF. We take the specified number of samples and partition them into

N n 1 M
=T O(ﬁlog(TD

i.i.d. pseudo-samples for each query function ¢;. The Hoeffding inequality (Theorem [A.5|)
guarantees that an empirical average over n pseudo-samples falls within +7 from E[g;(X)]
with probability > 1 — %. Then apply the union bound and we obtain that with probability
> 1 — 9, the empirical average falls within +7 from the true expectation for all queries.
Hence we successfully simulate the k-wise SQ learner with high probability, fulfilling the PAC

requirements. 0
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4. Independent pseudo-samples for adaptive queries

In this section we discuss reusing independent pseudo-samples for adaptive queries.
Suppose there exists a k-wise SQ learner that efficiently SQ learns a function class by asking
M adaptive k-wise queries ¢y, -+ , gy Similar to the baseline case, our algorithm (Algorithm
simulates a k-wise SQ oracle through taking empirical averages. However, what is
different from the baseline case is that Algorithm |3.1| partitions the set of n samples x ~ D
into 7 = n/k parts to create 7 i.i.d. pseudo-samples X = (zy,--- ,x;) ~ D, It then reuses

the same set of pseudo-samples among all queries when taking their empirical averages.

Algorithm 3.1 Reusing Independent Pseudo-samples for Adaptive Queries

Input. Data points z € X and k-wise Statistical Queries q1, - - , qur, where ¢; : X* — {0,1}
for all i € [M].
Output. v € RM,

1. Draw O<k2\éﬁlog(]\f—§)) ii.d. data points z ~ D to create n = O(@log(%—f)) iid.

T

pseudo-samples X; = (z,, -+ ,x;,) ~ D¥, where j =1,--- 7.
2: fori=1,---,M do
3: for j=1,--- ,ndo

4: a;; + qi(Xj)

5: Draw Laplace noise £ ~ LaplaC(%(—lZS]im)'
6: v (% S aij) +¢

7. v (V1,0 ,Un)

Now we state our main sample complexity result. Theorem provides the optimal
sample complexity for an algorithm that reuses the same set of independent pseudo-samples

while answering adaptive queries.

THEOREM 3.5. Suppose there exists an SQ) learner that makes M k-wise statistical queries
of tolerance T to learn over a class C, then there exists a simulation algorithm, which reuses

independent pseudo-samples among the M queries, for which a set of i.i.d. samples of size
k2 M kY1
n=0 log(max M, — —)
T2 7)o

-0 e (M)

72 ‘)
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is sufficient to PAC learn C with error bounded by € and probability of failure bounded by §.

Comparing Theorem to the naive bound in Proposition [3.4] we observe an interesting
trade-off between arity of the query k, and the total number of queries M. The trade-off
suggests that only when a learner uses a large amount of short queries (k < VM ) is it worth
to reuse pseudo-samples.

It is worth noting that Algorithm is specific to k-wise statistical queries and it differs
from approaches that work for low-sensitivity queries in general. In addition to having low
sensitivity, statistical queries and their k-wise generalizations have the additional property
that they can be evaluated on k points at a time and are therefore amenable to sampling
techniques, which can produce potential speedups (see [22]). This allows us to evaluate our
queries on pseudo-samples, each of which consists of k£ sample points.

Corollary 6.1 of [8] provides a sample complexity upper bound of O (g) for answering
unary low-sensitivity queries (i.e., k = 1). This result matches the bound achieved by our
Algorithm [3.1] suppressing logarithmic factors. Their mechanism runs in time poly(n, log | X|)
per query, whereas Algorithm runs in poly(k,log|X]|) per query. This can potentially
create a dramatic improvement in running time as the straightforward non-sampling approach
for exactly evaluating a k-wise query on a sample of n points would be to evaluate it on all
k-point subsets, which is indeed polynomial in n but exponential in k. In fact, we go on to
analyze that particular approach towards the end of the paper.

In the remaining parts of this section, we first discuss a couple technical tools used to

prove Theorem [3.5] and then we give the proof itself.

4.1. Privacy composition. To ensure that the simulation generalizes to the sample
distribution, we apply Lemma (Transfer Theorem), which demands the algorithm be
differentially private. The algorithm composes multiple query functions, so in order to achieve
the required level of privacy overall, we need to use results on privacy composition to figure
out what level of privacy is required for each individual query.

As discussed in Chapter [I], there are two well-known bounds on the privacy of query

composition: simple composition and advanced composition. We shall see that under
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appropriate choice of parameters, advanced composition offers tighter privacy bound than
simple composition (by a factor of VM ). The exact statements of the two composition results
are provided by Lemma [[.11] and Lemma [T.12]

Theorem uses advanced composition of privacy. It is important to mention that
advanced composition is necessary when analyzing pseudo-sample reuse. Since the algorithm
uses adaptive queries, it needs to be strict when budgeting the privacy level for each query.
Otherwise, an excess amount of Laplace noise would need to be added, which will overturn
the effect of sample reuse. As shown in Theorem if the algorithm composed privacy of
the queries as if they were independent, the resulting sample complexity is actually worse

than the baseline bound.

THEOREM 3.6. Under the setting of Theorem except that suppose the simulation
algorithm treats the M queries as if they were independent and calculates their overall privacy

through simple composition, a set of i.i.d. samples of size
k2 M k1
nzO( 5 log<max{M,—}—>)
T TJ)O

o ue(2)

1s sufficient to PAC learn C with error bounded by € and probability of failure bounded by J.

We omit the proof for Theorem [3.6| since it closely resembles that of Theorem [3.5, with

the only difference being the privacy composition calculations.

4.2. Laplace mechanism. Now that we know to use advanced composition, let us
consider how to achieve the desired level of privacy for each query function. As suggested
by Lemma [1.9] we adopt Laplace mechanism, the standard technique that offers privacy
guarantee for algorithms.

For each ¢;, Algorithm outputs v; = a; + &, where a; is the empirical average of ¢; over
a large set of pseudo-samples and £ is a the Laplace noise. There are two key considerations

when choosing the parameters. First, the sample set needs to be large enough so that the
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empirical average is close to the true expectation with high probability. Second, the Laplace
noise needs to be small enough so that it does not steer the empirical average away from the
expected average too far, but in the meantime it is still large enough to maintain privacy.

By Lemma , we choose £ ~ Laplace(p - 12%) which preserves (1%, 0)-differential
privacy for each query, surpassing the requirement of the Transfer Theorem (Lemma [3.3]).

Here p is the ¢;-sensitivity of the empirical average of ¢ over all pseudo-samples.

PROPOSITION 3.7. The {-sensitivity of the empirical average of q : X* — {0,1} is

p=2A0(g) <5

PRrROOF. Among all pseudo-samples X; € S and X| € S’ where i = 1,--- , 7, exactly one

pair is different X; # X7. Then |q(X;) — ¢(X])| = 0 for all i # j, while |¢(X;) — q(X})| < 1.

Therefore,
1 n
— Av(q) = - ( X,) — Xf)
p = A1) e, nE a(Xi) —a(X)) )|
st.]|S—5"|1=1 i=1 1

which can trivially be bounded as
p<1/n=Fk/n.

0

4.3. Proof of Theorem [3.5] Given an efficient k-wise SQ learner that learns C approxi-
mately correct (to an error €), the empirical average simulation wishes to mimic the learner’s
query outputs with high probability. In the language of the Transfer Theorem (Lemma ,
that is to say the simulator needs to be (7, §)-accurate with respect to the population. We

prove Theorem [3.5] using the Transfer Theorem.

PROOF OF THEOREM [3.5 Given the total allowed error of 7, we allocate 7/2 to the
empirical average and 7/2 to the added Laplace noise. We first analyze the empirical average.
To achieve (7/2,0)-accuracy with respect to the population for M adaptively chosen queries,

the Transfer Theorem demands
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T

(i) the simulation is (557, sz

) differentially private for M adaptive queries,

(ii) the simulation is (116, %)—accurate with respect to n samples for M adaptive queries.

To satisfy (i), we adopt advanced composition. According to Lemma each of the M
queries needs to be ( Rk \ﬁ, T M> differentially private to obtain the composed privacy stated
n (i). We know each query has ¢;-sensitivity p = k/n through Lemma [3.7 Then following
the standard technique stated in Lemma , we add Laplace noise of scale %ﬂ to each

query average, which achieves (W, 0>—differential privacy, surpassing the needed amount.

Lemma [1.10] verifies that the added Laplace noise is bounded above by 128k ‘ﬁ log =5 2M with

probability > 1 — 5%-. In order to restrict the Laplace noise within 7/2 with high probability,
we ask that
128k3/ M 2M T
log S )
™ ) 2

which implies that

o <k:2\/_ J\;) @

is sufficient. Now let us consider (ii). It suffices to show that for all queries ¢;, the simulator’s

output a; satisfies

We know that

a; = — Y ¢(X;)+ Laplace
n
i=1

1< 128k\/M>

so we just need

P ’Laplace 128k—~M ‘gl >1—T—5.
™ 16 32k

According to Lemma m, it is easy to verify that with probability > 1 — the Laplace

32k’

noise of scale 1287’_“%/M is O(kQT‘{lM log £). To satisfy (i), we ask that 128’“ ‘ﬁ log 228 < I
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n:O<k2mlog£> (5)

72 79

which implies an

is sufficient. Combining inequalities and , we get

completing the proof. [l

5. Dependent k-wise samples for non-adaptive queries

Now we examine the second reuse method. Algorithm draws n i.i.d. sample points
X ~ D and partitions them into M equal parts, Sy, - -, Sy, to be used by M queries. Denote
the size of each part |S;| = n, and the total number of samples is n = Mn. For each query,
the algorithm calculates its empirical average over (Z) k-wise samples, which are generated

by taking all size k subsets of .S;.

Algorithm 3.2 Dependent k-wise Samples for Non-adaptive Queries

Input. Data points z € X and k-wise Statistical Queries ¢; : X* — {0,1}, where i =
1,---, M.

Output. v = (vy,--- ,vy) € RM.

1: Draw n i.i.d. sample points x ~ D and partition them into M equal parts Si,---, Su,
where |S;| = n.

2: fori=1,---,M do

3: Take all size k subsets of S; to create k-wise samples X; = (zj,,---,xj,), where
el
4: Compute the empirical average of ¢;

1 ()

Vi < >0 ai(x;).

5: 04— (vg, -+ ,Un).
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In contrast to creating independent pseudo-samples, Algorithm uses all k-subsets of
the provided sample set, yielding additional k-wise samples, although it fails to maintain
their independence since each point contributes to (k — 1) samples.

We can analyze the dependent k-wise samples from the perspective of a hypergraph. In
the language of hypergraphs, we can think of each sample point as a vertex and each k-wise
sample as a k-hyperedge. The learner is given K*, a complete hypergraph on n vertices,
whose hyperedges contain k vertices (assuming k divides n). The learner uses k-hyperedges
as inputs to the queries. Notice that the hyperedges are not independent with each other.
Fortunately, we can bypass the hyperedge dependence through Baranyai’s Theorem (Theorem
A.4)), which says every K* decomposes into a disjoint collection of 1-factors. Recall that a
1-factor is a set of hyperedges that touch each vertex in K* exactly once. Intuitively, we can
think of a 1-factor as a perfect matching. With the guarantee of decomposition given by
Baranyai’s Theorem, we are able to interpret the collection of dependent hyperedges as a set
of perfect matchings. Although these matchings are dependent on one another, they each
contain independent hyperedges within themselves. Figure gives an example of when
n =6 and £ = 2. As shown by Figure , K? can be decomposed into a disjoint union of

1-factors, each of which consists of three mutually independent edges.
/ / / U e o |J o ®
U * » |J '><'

FIGURE 3.1. An illustration of a decomposition of K2 into five disjoint perfect
matchings.

How well do dependent k-wise samples perform when we use them to estimate the
expected value through empirical average? In each 1-factor, the independent hyperedges act
like pseudo-samples introduced in Algorithm 3.1 Accordingly, in Theorem we provide
accuracy bounds of dependent k-wise samples by comparing the variance to that of the

baseline method without sample reuse.
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To set up Theorem , let ¢ : X* — {0,1} be a k-wise statistical query, S be a set of

samples = ~ D, and suppose |S| = n, where k divides n. Let Y,, Y}, be random variables that

represent the empirical average of ¢ under the two sampling schemes respectively: taking

all (Z’) k-subsets of S and the baseline method of creating n/k independent pseudo-samples.
The expected value of Y, and Y}, both equal to E[q].

THEOREM 3.8. The variance of Y, and Y, satisfy

ﬁ\/&r(%) < Var(Y,) < Var(Y).

PRrROOF. We first study the upper bound. Construct a complete hypergraph K* with the
given n sample points. With guarantee from Baranyai’s theorem, we can decompose K* into
1-factors Gy, -+ , G,,, where m = (’;j) Each G; contains n/k i.i.d. hyperedges of length k.
The vertices in these i.i.d. hyperedges form i.i.d. pseudo-samples used in Algorithm Let
Ys, be a random variable that represents the empirical average of ¢ over pseudo-samples in

G;. By previous analysis, we know for all : =1,--- | (Zj),

Var(Y;,) = Var(Yg,).

Observe that taking an empirical average over all (Z) hyperedges in K* is equivalent to taking

an average of all the empirical averages over GGy, - - - , G,,,. Therefore,

1 m
Var(Y,) = Var (E 2; YGi> .
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Since Yg,’s are identically distributed, we can denote Var(Yg,) = o2 for all i = 1,--- ,m.

Then we can prove the upper bound

1 m
Y, = — Ya.
Var(Y,) Var(m; Gl>
_ (Z Var(Ye,) + Y Cov(Ye,, Ye, ))

7]
1

5 (m02 + (m* —m) 0202)

m

= 0'2.

The inequality uses the well-known fact that for any two random variables X;, X,

Cov(X;, X;) < \/Var(Xi)Var(Xj).

The lower bound follows similar reasoning.

Var(Y,) = (Z Var(Yg,) + ZCOV Ya,, Y, ))
i#£]
1 m
- Z

I
3],

The inequality relies on the fact that Cov(Yg,, Ye,;) > 0 for all i # j. To prove this fact,
we first decompose the covariance as follows, which uses the fact that hyperedges e € G; and

f € G, are i.i.d. within each graph.

1
Cov(Yg,, Ya,) = Cov W§.¢( n/k2¢)

feaq;

Z ZCOV( f))

e€qG; feG;

It suffices to show that Cov(¢(e),¢(f)) > 0 for all e € G; and f € G;. There are three

scenarios to consider.
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(1) e and f are disjoint. In this case, e and f are independent, so

Cov(g(e), o(f)) = 0.

(2) e and f are identical; that is, they use the same set of vertices. Then,

Cov(g(e), o(f)) = Cov(e(e), ¢(e)) = Var(¢(e)) > 0.

(3) e and f have a non-empty intersection. Denote S := e N f. For ease of notation, let
Ue := ¢(e) and Uy := ¢(f) be the random variables that represent the query values
and let Xg be the random variable that represents the selection of S. Then, by the

law of total covariance,

COV(Ue, Uf) = ]E(COV(UG, Uf|Xs)) + COV(E(U6|X5),]E(UJE|X5)).
Since e \ S and f\ S are disjoint, they are independent and we have
COV(Ue, Uf‘Xs) = 0,
which implies
E(COV(Ue, Uf|X5)) =0.
Also, since e\ S and f\ S are identically distributed, we know E(U,|Xgs) =
E(Us|Xs), which implies

Cov(E(Ue|X5s),E(Uf| Xs)) = Cov(E(Ue|X5s), E(Uc| Xs)) = Var(E(U| Xs)) > 0.

Hence, in this scenario, we still have Cov(U., Uy) > 0.

O
The bounds provided in Theorem are tight, which can be shown by examples. First we

study the lower bound. Draw a set S of n points (assuming k divides n) uniformly from {0, 1}.

The probability density function of the Uniform distribution is given by [A.1] ¢ is a k-wise
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statistical query which evaluates the expected parity of a size k subset of S. Specifically, if a
subset X; has even number of 1’s; then ¢(X;) = 0, otherwise ¢(X;) = 1. Under this setting,

the two sampling schemes correspond to the following random variables:

Ya = 7oy q(XZ) = 7o\ Y;7
(k i=1 k) =1
Yo = n/kzlq(X]) - n/k;gz1 J

Here Y;,Y; are introduced for ease of notation, representing ¢ evaluated on subsets X; and

X respectively. We can show such Y, Y, achieve the lower bound in Theorem

Var(Y,) = Var| — » Y,

1 1 ok
RO
L
ST & e Y
1 ok
B R Err?
= L var(v;)
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In the above calculations, the crucial step is the fourth equation which uses the fact that for
all 7 #£ j,

Cov(¥;,Y;) = 0. (6)

To prove Equation @, first recall that for any two random variables Y; and Y},
Cov(Y;, ;) = E(YY;) — E(V)E(Y)).

We know E(Y;) = % foralli=1,---, (Z), so for Equation @ to be true, we need to show
that E(Y;Y;) = % for all 7, j € [(})]. When Y; and Y; are independent, this is obviously true,
since

E(Y,Y;) = B(Y; = DB(Y; = 1) - 1-1=

When Y; and Y; are dependent, it means subsets X; and X; has a non-empty intersection U.
Notice that no matter the parity of U, the parity of the remainder of the two sets, X; \ U and
X; \ U, is evenly distributed and the two sets are mutually independent. Therefore, when Y;
and Y; are dependent, we still have E(Y;Y;) = }1. We have hence successfully found a tight
example for the lower bound in Theorem [3.8|

Now we consider the following example which achieves the upper bound in Theorem
We draw a set S of n points (assuming k divides n) uniformly from {0, 1}. For a size k subset
X; C S, define the k-wise statistical query ¢ to count the number of 1’s contained in X;. In
this setting, Y, goes through the set S once, counts how many points in S equal to 1 and
then divides the counted value by n/k. Y, goes through the same set (Zj) times, each time
counting how many points in .S equal to 1, which is the same every time. Then to calculate
Y,, we sum up the counted values from all (Zj) times and divide it by 7 - (Zj) Hence, Y,

and Y} are equivalent random variables and have the same variance.

6. Comparison of known sampling methods

Throughout this paper, we discussed two sample reuse methods when working with k-wise
statistical queries: (1) reusing independent pseudo-samples for each query and (2) reusing

individual sample points to create dependent k-wise samples. The baseline approach, as
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stated in Proposition does not reuse any samples, so it uses neither of the two methods.
Yet there are known algorithms that use either one of the methods or both at the same time.
Namely, Algorithm [3.1] uses method (1), Algorithm 3.2 uses method (2), and the result in [§]
for adaptive low sensitivity queries combines both methods: it creates dependent samples by
taking all possible subsets of the given points and it reuses the same set of samples to answer
all queries.

We have some idea of how the performances of the four known methods compare.

(1) To compare Algorithm and the baseline, Proposition and Theorem tell us
about the trade-off between k, the arity of the query and M the number of queries to
be answered; such trade-off is a result of the added Laplace noise, which is necessary
when working with adaptive queries.

(2) Algorithm achieves the same sample complexity upper bound as the approach in
[8], but benefits in that the running time is polynomial in k, the arity of the query

and not n, the sample size.

7. Open problems

A natural question to ask is how does Algorithm compare to the baseline in terms of
sample complexity. Theorem goes toward answering this question by providing variance
bounds but fails at giving explicit sample bounds, which is a technically difficult task. In
Algorithm [3.2] the k-wise samples used by each query are not mutually independent, so most
classical concentration inequalities cannot be applied to obtain an explicit error bound for
the query’s empirical average. From our analysis, since the variance bounds are shown to
be tight, we expect Algorithm to have the same sample complexity upper bound as the
baseline. Moreover, we expect the trade-off between k and M to carry over when comparing

sample complexity of Algorithm [3.2| with the approach in [8].
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CHAPTER 4

An Efficient Algorithm for Generating Private Synthetic Data

1. Introduction

Differential privacy provides a principled framework for releasing information about
sensitive datasets while limiting disclosure risk to individuals [I14]. A central problem in this
area is private query release: given a database X € X™ and a class of queries O, one seeks
to answer the queries ¢(X) accurately while satisfying (e, §)-differential privacy [11]. One
appealing approach is to release a synthetic database X whose query answers approximate
those of the real database, enabling unrestricted post-processing without further privacy
loss [24].

From a computational perspective, private synthetic data generation involves inherent
tradeoffs. In the worst case, producing a database that is accurate for an arbitrary query
class is computationally intractable [41]. As a result, existing polynomial-time methods
typically apply only to restricted families of queries such as counting queries [11], while more
general approaches often rely on oracle-efficient frameworks that invoke computationally hard
optimization subroutines in the worst case [44), [17]. This motivates the study of intermediate
regimes that admit fully explicit algorithms while relaxing accuracy guarantees in a controlled
manner.

In this chapter, we develop an efficient private synopsis generator: an explicit, polynomial-
time algorithm that produces a synthetic database intended to answer a pre-specified query
set @ under differential privacy. Our approach focuses on smooth query families and avoids
oracle assumptions entirely. In the general case, rather than aiming to satisfy all queries
simultaneously, the algorithm can be used to produce a base synopsis—a synthetic database

that answers a large fraction of queries accurately with respect to any fixed distribution over

40
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Q. This notion, introduced by [17], aligns naturally with private boosting frameworks, which
can subsequently be applied to strengthen accuracy guarantees when desired.

Our algorithm proceeds in two stages. First, it releases noisy query answers using the
Laplace mechanism together with standard composition guarantees. Second, it constructs
a synthetic database by fitting these noisy answers via an explicit optimization procedure.
Crucially, this second stage operates solely on privatized information and therefore incurs no
additional privacy loss.

A central design choice in this optimization step is the selection of a surrogate loss
function. Our goal is not to minimize average error, but rather to drive as many queries
as possible below a fixed accuracy threshold. To this end, we adopt a smooth symmetric
exponential surrogate that strongly penalizes large query deviations while assigning relatively
little weight to already well-approximated queries. (See [26] for more on surragate losses.)
This loss functions as a potential for the threshold-based accuracy objective underlying the
base-synopsis definition and integrates naturally with second-order optimization methods.

We emphasize that, as with squared error and other symmetric losses, this surrogate
does not preserve convexity when composed with general nonlinear queries. Accordingly, our
approach does not rely on global convexity guarantees or convergence to a global optimum.
Instead, the algorithm terminates as soon as the base-synopsis criterion is satisfied, and any
such iterate constitutes a valid output. Empirically, we find that the resulting optimization
landscape is well behaved for the query families considered, enabling efficient optimization
in practice. We also note that our method requires the queries to be twice continuously
differentiable, and thus does not apply directly to many standard tabular data queries such as
marginal and counting queries. In order to adapt our algorithm to these nonsmooth queries,
we may make estimates to their derivatives, which will result in a more relaxed accuracy
guarantee.

We analyze the privacy, accuracy, and runtime properties of the resulting algorithm and
show that it runs in time polynomial in the database size and number of queries,conditioned

on that the base synopsis can be obtained efficiently. We further demonstrate how the
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output can be combined with existing private boosting techniques to obtain stronger accuracy
guarantees. Finally, we present experimental results illustrating the practical behavior of the
method. For smooth convex query families, such as collections of £,-norms, the algorithm
reliably produces accurate base synopses. We also consider structured nonconvex query
classes, where we observe that modest algorithmic refinements yield accurate synthetic data

in practice.

2. Preliminaries

In this section, we give the notation and introduce some of the technical tools that are
useful in our analysis.

Given a data domain X and a query set Q, let X € A" be a database of size n and let
q € Q be a function ¢ : X" — R. We seek to approximate answers to the queries ¢ € Q
evaluated on the real database X. We will assume the queries have ¢;-sensitivity bounded by
a parameter p, as defined in Definition [1.6|

Whenever gradients or Hessians are used, we implicitly assume that the corresponding
query admits a smooth extension to a neighborhood of X", and all derivatives are taken with
respect to this extension.

Our efficient synthetic data generator (Algorithm outputs a synthetic database X
that, with high probability, answers a majority of the queries in Q accurately. Algorithm
is a (\,n, 5)-base synopsis generator as defined by [17]. The term “base synopsis” comes
from the traditional boosting algorithms such as AdaBoost [23]; X can be viewed as a weak

learner for the real database X, with an edge n € (0, 1/2] over random guessing.

DEFINITION 4.1 (Base Synopsis Generator [17]). Given a data universe X and a query
set Q along with its database X € X", an algorithm M is a (A, n, 5)-base synopsis generator
if for any distribution D on Q, with all but S probability over the randomness of M, the
synopsis S that M outputs is A-accurate for at least (1/2 + n)-fraction of the mass of Q as
weighted by D, that is,

Popl|q(S) —a(X)| <A > 5 +n.

N | =
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Such a synopsis S is called a (A, 7, §)-base synopsis.

The goal for our work is to construct a synthetic dataset that maintains the privacy of
the original data. To this end, our synthetic data generator will also be (g, §)-differentially

private with respect to the dataset X, under the standard notion of differential privacy, given

in Chapter [1] Section [3]

3. The Efficient Private Synopsis Generator

In this section, we describe our efficient private synopsis generator and the objective used
to construct a synthetic database from noisy query answers. Throughout, we assume that
each query q € Q is twice continuously differentiable. We do not assume that the resulting
optimization problem is globally convex or can provably be solved efficiently. Instead, our
goal is to design a smooth surrogate objective that is well aligned with the threshold-style
accuracy guarantees required for a base synopsis and that admits efficient optimization in

practice.

3.1. Overview of the Approach. Given a real database X € X" and a finite query
set Q, our objective is to produce a synthetic database X that approximately matches the
answers ¢(X) for a large fraction of queries ¢ € Q, while satisfying differential privacy.

The algorithm proceeds in two stages. First, for each query ¢ € 9, we release a noisy
answer ¢(X) = q(X) + &, where &, is drawn from a suitably calibrated Laplace distribution.
By standard composition results, this stage satisfies (¢, §)-differential privacy for the collection
of released answers. Then, using the noisy answers {¢(X)},co as targets, we construct a
synthetic database X by minimizing a smooth surrogate loss that penalizes large deviations
|g(X) —G(X)|. This optimization step involves no further access to the real data and therefore
incurs no additional privacy loss.

The quality of the resulting synthetic database is evaluated using a threshold-based

criterion: for a fixed tolerance parameter A > 0, we require that a (1/2 + n)-fraction of the
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queries (with respect to a fixed distribution D over Q) satisfy
(X)) = g(X)] < A

3.2. Surrogate Loss Design. A direct approach to enforcing the above criterion would
be to minimize a 0-1 loss of the form 1 {la()—a)1>A} which counts the number of queries
whose error exceeds the tolerance A. However, this loss is discontinuous and unsuitable for
gradient-based optimization.

Instead, we introduce a smooth symmetric exponential surrogate. For a single query
q € Q, define

(,(X) = exp(w - 1) + exp(—w — 1),

and define the aggregate loss

ﬁiexp(X; Q) = Z€q<X) (7)

qeQ
This surrogate has several properties that make it well suited to our setting:

e Smoothness: The loss is infinitely differentiable, enabling the use of second-order
optimization methods.

e Alignment with threshold accuracy: The loss grows rapidly once \q(f( ) — ¢(X)]
exceeds A\, while assigning comparatively smaller weight to already well-approximated
queries. As a result, optimization effort is concentrated on correcting the largest
query deviations, which is consistent with the goal of producing a base synopsis that
satisfies a majority of queries within tolerance.

e Potential-function behavior: The exponential form provides a natural potential
function for reasoning about the fraction of queries with large error, similar in spirit
to exponential potentials used in boosting and multiplicative-weights methods.

We emphasize that, although the surrogate loss is convex as a function of the scalar

residual ¢(X) —g(X), it is not guaranteed to be convex as a function of the synthetic database

X when the queries ¢ are nonlinear. This limitation is unavoidable for symmetric two-sided
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losses composed with general nonlinear queries and also applies to standard alternatives such
as squared error [13], Section 3.2.4]. Our approach therefore does not rely on global convexity
guarantees. In particular, our algorithm does not seek a global minimizer of £cy,. Instead,
it terminates as soon as the current synthetic database satisfies the base-synopsis criterion,
and any such iterate constitutes a valid output.

We note that alternative tube-style losses—i.e., objectives that impose little or no penalty
when the residual lies within a tolerance band and increase the penalty outside this band—are
well studied in robust regression, most notably the e-insensitive and Huberized losses used in
support vector regression [28), 39}, 43]. These could also be employed; however, the smooth
symmetric exponential surrogate used here provides stronger gradients for large violations
and integrates naturally with our fraction-of-queries accuracy criterion, making it particularly

well suited to the base-synopsis setting considered in this work.

3.3. Our Algorithm. There are two main stages to the algorithm and we use the

parameter 6 € (0, 1) to split the accuracy budget between the two stages.

(1) For each query q € Q, we compute the output ¢(X) evaluated on the real database,
and then modify it by adding Laplace noise £ ~ Laplace <p\/2kT(1/5) / 5). This
guarantees (5 / \/m , O) -differential privacy for each query output, which by
known results on privacy composition (Lemma |1.12) amounts to (e, 0)-differential
privacy for the entire set of queries Q. Using the probability tail bound known for
the Laplace distribution (Lemma , we make sure that for all ¢ € Q, the added

Laplace noise

3

Laplace <M> ‘ < 6

with probability at least 1 — 5/k.
(2) Let XY € X™ be an arbitrary initial guess for the database. Using the surrogate
loss Liexp (7)) as the objective, we run Algorithm {.2{ until (1/2 + n)-fraction of the

queries ¢ € Q, weighted by a fixed distribution D, satisfy [(1 — §)\]-accuracy with
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respect to the noisy output ¢(X) = ¢(X) + &:

A~

¢(X) —q(X)| < (1 =0)A.
Hence overall, by the triangle inequality, the error of X is bounded as

a(X) = (X)) < 1d(X) = a(X)] + [a(X) = G(X)|
<OXN+(1—0)A

Y 8)

Algorithm 4.1 Efficient Synthetic Synopsis Generator

Input: Query set Q, query distribution D, real database X, initial database X°, loss
function £(X; Q), satisfaction ratio 7.
Parameters: Accuracy A, satisfaction fraction 7, failure probability 5, accuracy budget 6.
Output: Private database X.
1: For each ¢ € Q, compute its noisy output
¢(X) < ¢(X) + Laplace (M) .
: Set t = 0.
while P, p[|¢(X") — ¢(X)] < (1 —0)\] < % +n do
if t =0 0r |Liexp(X") = Liexp(X™H] > 7 then
Run Coordinate Newton’s Method and get X'+,
t«t+1
T X «— Xt
8: return X

3.4. Coordinate Newton’s Method. Algorithm uses coordinate-wise Newton’s
method as an optimization subroutine. We state Coordinate Newton’s Method (Algorithm 4.2))
below, together with its well-known convergence guarantee [13].

To carry out Algorithm [4.2] we start with an initial guess X° for the database X. At
iteration ¢, we select the coordinate z; € X with the largest magnitude of the loss gradient.
We then update this coordinate by fitting a local quadratic approximation,

Vil feoxp(XY)
Xt — xt [, RSP
’ ’ tvzzﬁieXP(Xt)
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Algorithm 4.2 Coordinate Newton’s Method

Input: Query set Q and distribution D, real database X, initial database X°, loss function
Liexp(X; Q), satisfaction ratio .

Parameters: Iteration counter ¢, loss stopping threshold .

Output: X°.

1: Set t = 0.

2: while (t =0 or |Lep (XY Q)—Liexp (X1 Q)| > 7) and satisfied queries < (1/2+n)| Q|
do

3 Choose x;, € X! such that 7; = argmax;|V; Loyl

4: ij—l Ty, — at<vit£iexp/v22t£iexp)-

5: t<—t+1.

6: return X

The step size oy is found through backtracking line search using the Armijo—Goldstein ([6])
stopping condition

f@+aud) < f(2) + eV f () ' d,

where f(x) denotes a generic objective function and ¢y € (0,1) is a fixed constant. Adapting
this condition to our setting, we start with oy = 1 and iteratively check the Armijo-Goldstein

condition while shrinking a;, until @ is satisfied:
»C:texp(X + atd) S »C:I:exp(X) + COatviE:texp<X)Tda (9>

where d is the direction of descent given by

Vi‘C:i:exp (Xt)

d = ——xexp s L
V?EieXP(Xt)

The Armijo—Goldstein condition guarantees that the chosen step size yields a sufficient
decrease in the objective, no less than the amount projected by a first-order approxima-
tion locally. By using the Armijo—Goldstein condition, we prevent Newton’s method from
overshooting and ensure monotone decrease of the overall loss as the algorithm updates one
coordinate of the database at a time.

If £ exp is convex locally, the Armijo-Goldstein condition chooses a step size that yields
a sufficient decrease in the objective, no less than the amount projected by a first-order

approximation. By using the Armijo—Goldstein condition, we prevent Newton’s method from
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overshooting and ensure monotone decrease of the loss at the nice regions of £, ., where it
Is convex.

Algorithm stops either when a (1/2 + n)-fraction of the queries are accurate or when
the per-coordinate loss decrease falls below a threshold 7 > 0. Although L.y, has no
guarantee of global convexity, it penalizes large errors \q(X ) — q(X)| > X aggressively, and
Algorithm greedily selects the coordinate giving the largest descent. In practice, this
makes the method effective, and it typically reaches a satisfactory synopsis efficiently despite
the absence of a formal convergence guarantee. We note that the ouput of Algorithm is

not guaranteed to fall within the same domain as the real database X.

3.5. Privacy Guarantee. Let k = |Q| denote the number of queries, and let D be a
fixed distribution over Q. We run Algorithm with the goal of producing a (A, n, 5)-base
Synopsis X such that, with probability at least 1 — [ over the randomness of the algorithm

M, X is A-accurate on (1/2 + n)-fraction of queries drawn from D:

N[ —=

Pat [Py [[a(X) = (0] 2| > L +0] 21— 5. (10)

Theorem [4.2] states the privacy guarantee for Algorithm 4.1

THEOREM 4.2. Let Q be a set of twice continuously differentiable queries with ¢ -sensitivity
p, and let X be a database. Let k = |Q|. For any fized 0 € (0,1), A >0, g € (0,1), and
d€(0,1), Algom'thm satisfies (e, 6)-differential privacy, where

p\/kIn(1/0) . k
€= O(Tlng>.

PROOF. The algorithm releases noisy answers to k = |Q| queries, which constitutes a
k-fold composition of query-answering mechanisms. By in Lemma m, it suffices to
ensure that each individual query output is (¢/1/2kIn(1/4), 0)-differentially private.

To achieve this, we apply the Laplace mechanism and add independent noise &, ~

Laplace (p\/Qlen(l/é)/s) to each query output ¢(X).
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Fix an arbitrary parameter 6 € (0,1). We calibrate the noise so that the probability that

the magnitude of the added noise exceeds X for any query is small. By Lemma [1.10]

P|&| > IH(E 5 s

k) P 2k:1n(1/6)] _8

Thus, requiring

o > m(%) .M (11)

ensures that |£,| < @A for all ¢ € Q with probability at least 1 — 3. Rearranging yields

the stated bound on e. O

COROLLARY 4.3. Assume ¢ satisfies the noise calibration condition in (L1)). Let §(X) =

q(X) + &, denote the noisy query answers. If Algorz'thm returns an iterate X such that
Pon[la(X) —aX) < (1 0)\] > 4 40,

then, with probability at least 1 — B over the Laplace randomness, X isa (A, n, B)-base synopsis
for X.

PRrROOF. By the noise calibration condition and a union bound over the k queries,
with probability at least 1 — § we have |g(X) — ¢(X)| < 6 for all ¢ € Q. Conditioned
on this event, by (g, |q(X) —q(X)| < X for any q € Q. Therefore, every query that is
(1 — @) A-accurate with respect to the noisy answers is A-accurate with respect to the true

answers. Combining this implication with the assumed optimization guarantee yields

N[ =

By |lo(X) — a(X)| < 2| = 40,

which holds with probability at least 1 — . O

4. Boosting for Queries

For a small fixed n € (0,1/2], we observe that in practice, Algorithm effectively finds
a synthetic synopsis that satisfies a (1 + n)-fraction of the queries when it is allowed a modest

number of random initializations. From the perspective of query boosting introduced by [17],
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we can view the synthetic database X output by Algorithm as a weak learner for X: it
answers slightly more than a (1/2)-fraction of the queries in Q accurately. We call such X a
base synopsis and thus Algorithm [4.1] serves as a base synopsis generator.

The “boosting for queries” approach of [17] builds a base synopsis by taking a random
sample of Q. Since our algorithm evaluates the loss accumulated across all queries g € Q, we
omit this sampling procedure and in return achieve a tighter accuracy bound (A instead of
A+ p, where p is an additional parameter used in [17]). We adapt results developed in [17]
to our setting in Theorem [4.4] The proof for Theorem follows [17] exactly.

THEOREM 4.4 (Adapted from [17]). Let Q be a set of twice continuously differentiable
queries and let k = |Q|. For a fized n € (0,1/2] and for any distribution D on Q, suppose
Algorithmproduces a (A, m, B)-base synopsis Xpueo that satisfies (Epase, Opase ) -differential pri-
vacy. Then after T = (logk)/n? rounds of boosting, Algom'thm produces a (Tepgse, TOpase)-
differentially private synthetic database X that is A-accurate for all ¢ € Q with probability at
least 1 —TJ.

We note that Algorithm does not produce a synthetic database that shares the
identical structure as the real database. Instead, it produces X = (X1,--+, Xr), which is a
tuple of synthetic databases that serves as a query-answering synopsis. This discrepency in
the structure may restrict downstream analysis on the algorithm’s output, but it does not

deminish our intended usecase for the algorithm.

5. Experiments

In this section, we demonstrate the usage of Algorithm by implementing it on both
convex and nonconvex queries. These experiments serve as a proof of concept for our
algorithm. Accordingly, we omit a detailed empirical evaluation or comparisons with other

methods.

5.1. Convex Queries. We illustrate the accuracy bound that follows from Theorem [4.2

for a simple family of convex queries: the £, norms of a real-valued database. Although the
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Algorithm 4.3 Boosting for Queries, adapted from [17]

Input: Real database X € X", query set Q, where each ¢ € Q is a function ¢ : X" - R
with sensitivity at most p.

Parameters: Parameters used by Algorithm [4.1]

Output: X = (Xq,-+, Xp).

1: Initialize D; to be the uniform distribution over Q.

2: fort=1,...,7T do

3:  while X; is not (1 — #)-accurate for at least (1/2 + n) mass of D; w.h.p. do

4: Take an arbitrary initial guess Xy € X™.

5 Run Algorithm to compute a base synopsis X; that is w.h.p. (1 — ) A-accurate
for at least 1/2 + n of the mass of D;.

Reweigh the queries. For each ¢ € Q:

if X; is (1 — @)A-accurate, then a;, < 1.

if X; is not (1 — #)A\-accurate, then a; , < —1.

Up g exp(—a : Z;zl aj,q>, where oo = (1/2) In((1 + 2n)/(1 — 2n)).
7: Renormalize:

>

Ly 4— Zut,qa Dy1lq] = we g/ 2.
qeQ

8: return X = (X1, ,Xr). For g € Q:

q(X) = median{q(Xy, - ,q(X7))}.

theorem is stated as a privacy guarantee, for this example it is more natural to interpret it
in terms of accuracy: once the required Laplace noise is added to ensure (g, )-privacy, the
theorem directly yields an explicit accuracy guarantee A for the resulting synthetic database.

Experimental Setup.

e Database size: n = |X| = 60.

e Real database: We generate X = (z1,...,z,) withi.i.d. entries x; ~ Uniform[—1, 1]

on a 0.01-step grid.
e Query family: We use the following queries which compute ¢, norms for different

values of p
Q={q: X > 2> [al")'7},
i=1
with p € (1,5] and |Q| = 20.
e Initialization: X, has each coordinate drawn i.i.d. from the standard Normal

distribution N(0, 1). The probability density function of the Normal distribution is
given by [A.2]
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FIGURE 4.1. Initial Guess vs. Final Private Database with Movement Arrows.

e Random seed: We fix a global seed for the entire algorithm, chosen at random to
the value 13846863809.
e Privacy and failure parameters: ¢ =10, § = 0.1, § = 0.05, and n = 1/2, so we
aim for X to satisfy all queries in Q.
Figure shows the initial guess Xy and the synthetic database X computed by Algo-
rithm [4.T] under this setup. Algorithm [4.1] terminates after 9 iterations of Newton’s method
and moves a small subset of the coordinates of X before reaching a satisfactory X.

Privacy and Accuracy Guarantee. Since each ¢, € Q is an {,-norm, its ¢;-sensitivity
(Definition [L.6) is p = Ai(g) = =2 = & ~ 0.016.

Using Lemma and Lemma to ensure (e, d)-privacy for the full query set, we add
independent noise & ~ Laplace (p\/2k In(1/6)/ 5) to each query answer. Plugging in k = 20,

p =0.016, ¢ = 10, and 0 = 0.1, we obtain £ ~ Laplace(0.015).



5. EXPERIMENTS 53
For this example, we choose # = 0.6, which allocates 60% of the error budget to the added

Laplace noise and the rest 40% to the optimization procedure. Thus we aim for
€] < 06X, |g(X)—G(X) <04N Vg€ Q.

With these parameter choices, Theorem yields the accuracy bound

5= In(k/B)p+/2k1In(1/6)

~ 0.153.
el

Overall, for this set of £,-norm queries, Algorithm produces a synthetic database X
that is (10, 0.1)-differentially private and 0.153-accurate for all ¢ € Q.

Figure shows the performance of X on all queries q € Q. As predicted, the errors lie
within the theoretical bound A ~ 0.153. It may appear surprising that for every ¢ € Q, the
synthetic output ¢(X) is larger than the noisy value §(X), even when the added Laplace noise
¢ is negative. We point out that this behavior is natural. For a fixed p € (1, 5] and a given
X, increasing a coordinate of X increases its ¢, -norm far more efficiently than decreasing it
lowers the norm. Newton’s method is greedy and therefore prioritizes changing coordinates
that most effectively reduce the overall loss. Moreover, since the loss function aggregates
the losses over all ¢ € Q, increasing a chosen z; can still reduce the total loss even if some
individual queries received negative noise. As a result, Algorithm often terminates at a

synthetic database X that produces larger query outputs when the query class consists of ¢,

norms.

5.2. Nonconvex Queries. As mentioned in Section [d] for nicely structured classes of
nonconvex queries, Algorithm is able to produce a synthetic database when allowed a
moderate number of random initializations. Such a base synopsis may be a local minimizer
for £ iexp, which satisfies the accuracy requirement for (1/2 + n)-fraction of the queries in Q
for some small n € (0,1/2]. To give a concrete example, we consider the following set up.

e Database size: n = | X| = 1600.
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FIGURE 4.2. {,-norms evaluated on the real and private databases.

e Real database: X = (z1,...,x,) with coordinates independently drawn as x; ~
N(0,1). If a coordinate’s value falls outside of the interval [—m, 7], we redraw for
the coordinate.

e Query family: Each query is a “spiky” perturbed parabola,

n

g;(X) = %Z(m? + aj,i¢j(wjxi))’

i=1
where a;; are per-coordinate amplitudes, w; is the frequency, and ¢; € {sin, cos} is

a trig flag that is determined uniformly at random.
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e Parameter generation: We generate k = 40 queries in total, where a pya.q = 0.05
fraction of them are “hard” queries. Easy and hard queries differ only by their
amplitude and frequency ranges:
(1) Easy queries (40 - (1 — 0.05) = 38 queries): a;; ~ Uniform|[0.36,0.55] and
w; ~ Uniform[2.4,2.9].
(2) Hard queries (40 - 0.05 = 2 queries): a;; ~ Uniform[0.45,0.9] and w; ~
Uniform[5.5, 7.0].
(3) Random seed: We fix a global seed for the entire algorithm, chosen at random
to the value 5656766306055767438.
Figure 4.3| shows examples of a typical perturbed parabola query from the easy and hard

group.

104 = Easy query

Hard query

FIiGUuRrE 4.3. Typical perturbed parabola queries from the easy and hard
group.
In our experiment, after 7' = 3 iterations of boosting, Algorithm [4.3| reaches a A-accurate

synthetic database X = (X1, Xa, X3) for all £ = 40 queries. Table shows detailed record

of the performance of the base synopsis generated during iteration t = 1,2, and 3 of boosting.



5. EXPERIMENTS 56

Statistic t=1 t=2 t=3

Random Initialization Attempts 4 1 8
Base-synopsis Satisfaction Ratio | 0.525 1.000 1.000
Median-of-answers Sat. Ratio 0.525 0.925 1.000

A~

Stopping threshold: |¢(X) — ¢(X)| < (1 — )\ = 0.812.

TABLE 4.1. Boosting run summary (seed: 5656766306055767438).

Privacy Guarantee. The privacy loss comes from two stages of the algorithm: base
synopsis generation and boosting.
(1) Base synopsis.

The ¢1-sensitivity of the queries is

™ +1 ™41
— Ag = - — 0.0068.
p=0a=—y 1600

For the base synopsis, we aim for
Chase = D and  Opase = 0.1.

We choose 6 = 0.1, which allocates 10% of the error budget to the Laplace noise and
90% to optimization. We set the overall failure probability to 8 = 0.3. Under this
set up, the base synopsis achieves accuracy A = 0.9022 via Theorem [4.2]
(2) Entire database (from boosting).
Every boosting iteration accumulates (€pase, dbase) = (5, 0.1)-differential privacy.
In our experiment, boosting reaches a satisfactory database after T' = 3 iterations,

hence the overall privacy loss is

(5boost7 5boost) = <T€b3867 Tdbase)
—(3-5,3-0.1)

= (15,0.3).
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FIGURE 4.4. Initial guess vs. final private database vs. real database.

Accuracy Guarantee. Algorithm outputs the sequence of synthetic synopses pro-
duced during each iteration of boosting X = (X1, -+, X7). After round ¢, Algorithm
checks for each ¢ € Q if median{q(X1),---,q(X;)} is (1 — ) A-accurate with respect to the
noisy output ¢(X). Since we know the error introduced by the Laplace noise is bounded

above by |£,| < 6, ensures that for all ¢ € Q,

~

lg(X) —q(X)| < A
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APPENDIX A

Technical Lemmas

DEFINITION A.l (Uniform Distribution). If X ~ Uniform{a,a + 1,...,b}, then its

probability mass function is

1

—, k= L,...,b
b—a+1’ Cl,@+ ) »

0, otherwise.

DEFINITION A.2 (Normal Distribution). If X ~ A(0,1), then its density is

¢(z) = \/127 exp (—%2) :

DEFINITION A.3 (Laplace Distribution). If X is drawn from the Laplace distribution

centered at 0 with scale parameter b, then its density is

1
Laplace(z; b) = o5 XP (_‘ib|>

THEOREM A.4 ([7]). Every KF hypergraph decomposes into a disjoint collection of 1-

factors.

THEOREM A.5 ([27]). Let Xi,..., X, be independent random variables such that a; <
X; <b; almost surely for alli=1,...,n. Let S, =3 1" | X;. Then for every t > 0,

P(S, —E[S,] > t) < exp (‘ Z’P_l(2bi - ai)2)’

and

P(1S, — B[S, > 1) < 2exp(— i ))

LEMMA A.6 (Advanced Composition [18]). For all €,d,6' > 0, the class of (g,9)-

differentially private mechanisms satisfies (¢', M + §')-differentially privacy under M -fold
59
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adaptive composition for

e =e\/2M 1In(1/8") + Me(e® — 1). (11])

When ¢ is small, the M-fold adaptive composition achieves (¢',8")-differential privacy for

g :O<€\/W(1/(5’)>. )

ProoOF. To prove , observe that for any ¢, we can find some constant ¢ > 0 such that

et — 1 < cey. Therefore, we know

. = eyn/IRTR(L/8) + kaule™ )
<ep/2kIn(1/6,) + k c e}
= O(&;\/M)?

when ¢, is small compared to y/k1In(1/4,). O
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