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Abstract

Querying expert predictions or human feedback
incurs explicit, often heterogeneous costs—a
challenge central to crowdsourcing and LLM
training. We study online learning with expert
advice under observation costs, where the learner
must adaptively select which experts to query (p;
is expert-dependent) to minimize cumulative cost
(losses plus query costs). While classical bandits
and recent paid observation models have advanced
the field, they fail to capture the rich cost-adaptive
selection landscape and do not provide tight,
problem-dependent performance guarantees
for heterogeneous costs. This paper provides
the first comprehensive characterization. For
adversarial losses, we prove tight minimax regret

®<megl,i?,K} {,/%TlogK + (m — 1);3T}) )

interpolating between bandit and full-information
regimes and revealing the optimal observation
budget, where p is a tight upper bound of
p;s. For stochastic losses, our novel m-ELIM
algorithm achieves instance-dependent regret of
@) (% s A+ (m— l)ﬁT), A; being the
suboptimality gap of the ¢-th arm, showing how
gap structure and costs interact. Matching lower
bounds (adversarial and stochastic) establishes
minimax optimality. These results provide the
first rigorous framework for optimally allocating
annotation budgets across heterogeneous workers
in crowdsourcing systems, directly informing
cost-effective strategies for collecting human
feedback in adaptive learning applications.

1 INTRODUCTION

In many applications, observing expert predictions or gather-
ing annotator feedback incurs explicit costs. Consider crowd-
sourcing platforms such as Amazon Mechanical Turk, where
requesting a label from a worker requires monetary payment.
Similarly, in large language model (LLM)-based training
systems, acquiring human feedback through worker judg-
ments for preference learning, reward modeling, or RLHF
(Reinforcement Learning with Human Feedback) involves
costs per judgment. In these settings, a learner must balance
the benefits of querying multiple experts’ predictions or
workers’ outputs against the associated observation costs.

This paper studies the online learning problem with ex-
pert advice under costly observations, where the learner
must strategically decide which experts to query and at
what cost. Formally, we consider K experts. At each round
t =1,...,T: Each expert ¢ € [K] produces a prediction
and receives a loss ¢;(7) € [0, 1] (either stochastic or ad-
versarial). The learner selects a subset S; C [K] of ex-
perts to observe, incurring observation cost » ies, Pi> where
pi € [0,1] is the fixed cost of observing expert ¢. After se-
lecting S;, the learner chooses an expert I; € S; to follow,
observing the losses {¢:(7) };cs,. The learner incurs instan-
taneous cost £ (1;) + i g, Di-

Performance is measured by the regret, which compares
the learner’s cumulative cost (losses plus observation costs)
against the best fixed expert in hindsight, who pays both
its loss and observation cost each round. In particular,
the learner compares against the best fixed expert ¢* =
arg min; (u; + p;) in the stochastic case.

In crowdsourcing systems for data annotation, selecting
which workers to query for each task is crucial. Workers vary
in both expertise (and hence accuracy/loss) and cost (e.g.,
expert annotators are more expensive but more reliable).
Our framework naturally captures the problem of actively
choosing which workers to query for annotations while
minimizing total labeling cost, a fundamental problem in



crowdsourcing systems. When training language models
with human feedback, practitioners often collect preference
judgments from multiple human raters or use multiple LLM-
as-judge models. Each “expert” represents a rater or judge
with different accuracy (and hence loss) and cost (e.g., API
fees, latency, human worker wages). A learning system must
decide how many raters to query per instance and which
specific raters to involve, balancing judgment quality against
expenses. This is particularly relevant for training reward
models in RLHF pipelines.

1.1 RELATED WORK

Expert Advice and Bandits. Prediction with expert ad-
vice under full information achieves logarithmic regret via
exponential-weighting algorithms. The bandit feedback vari-
ant is harder: Auer et al.|[2002] introduced EXP3, achieving
O(V KT) regret using importance-weighted loss estimates.
Our setting interpolates between full-information and bandit
regimes through selective expert queries.

Limited Feedback and Paid Observations. |Seldin et al.
[2014] studied prediction with limited advice (query at most
M of N experts) and multiarmed bandits with uniform
observation cost ¢, proving regret bounds interpolating be-
tween O(v K T) and O(log K). Our work advances this by:
(i) allowing expert-dependent costs p; (realistic for crowd-
sourcing with heterogeneous wages and LLM-based sys-
tems with varying API costs), (ii) providing the first instance-
dependent gap-dependent regret bounds in the stochastic
setting, and (iii) characterizing the fundamental cost-quality
tradeoff. Building on|Seldin et al.| [2014]], Thune and Seldin
[2018]] showed that one additional observation per round
enables exploiting small loss ranges; while we study the
regime with heterogeneous costs.

Costly Observations. Tucker et al.[[2023]] developed Ban-
dits with Costly Reward Observations with uniform cost ¢
per observation, proving regret Q(c'/37%/3). Our setting
generalizes this to non-uniform expert-dependent costs with
simultaneous subset observation.

Constrained Bandits. Bandits with knapsacks |[Agrawal
and Devanur| [2016]], Kesselheim and Singlal [2020] and
resourceful contextual bandits Badanidiyuru et al.| [2014]
consider budget-constrained exploration. [Slivkins| [2013]]
studies budget allocation across arms. These works focus on
cumulative regret under budget constraints, while we charac-
terize both worst-case and instance-dependent bounds under
per-round observation costs in the expert advice setting.

Crowdsourcing and Active Learning. The framework of
active learning from crowds|Yan et al.|[201 1], [Whitehill et al.
[2009], Raykar et al.| [2010] selects informative samples
and reliable annotators under labeling budgets. |Herde et al.
[2024] surveys cost-aware strategies (instance-, annotator-,
and query-dependent costs). In contrast, we provide rigorous

minimax regret guarantees for heterogeneous costs in the
online expert advice setting.

Main Contributions. Compared to the existing works,
the contributions of our works is as follows:

Novel Problem Formulation & Cost Adaptivity. We in-
troduce the first comprehensive study of expert advice with
heterogeneous, expert-dependent observation costs. Unlike
prior work [Seldin et al., 2014, Tucker et al. 2023]], our
framework captures realistic settings such as crowdsourcing
with variable worker wages and LLLM systems with hetero-
geneous API costs, and supports both fixed and adaptive
observation set selection (Algorithms 1 and 2).

Worst-Case Bounds (Adversarial Losses). We prove tight
minimax regret bounds of ©(y/(K/m)T + (m — 1)pT)
(Theorem|[6] Corollary [7), identifying three regimes: expen-
sive observations with bandit-like regret, an intermediate
regime interpolating cost and variance effects, and cheap ob-
servations approaching full-information performance. This
is the first characterization showing how observation costs
fundamentally reshape the classical bandit—full-information
tradeoff and determine the optimal observation budget.

Instance-Dependent Bounds (Stochastic Losses).
We  derive  gap-dependent regret bounds  of
O((logT'/m) >, ;- 1/A; + (m — 1)pT) via m-ELIM
(Theorem @] Corollary [3), explicitly quantifying the
interaction between loss gaps and observation costs.

Matching Information-Theoretic Lower Bounds. We es-
tablish minimax-optimal lower bounds in both adversarial
and stochastic settings (Theorems [6] [8} Corollaries [7] [O),
matching our upper bounds up to universal constants and
revealing three phase transitions that confirm the necessity
of the fundamental cost—quality—variance tradeoff.

Unified Framework Bridging Classical Regimes. Our
results seamlessly interpolate between classical MAB (ex-
pensive experts), full-information learning (free observa-
tions), and cost-efficient learning (cheap experts), providing
tight worst-case and instance-dependent guarantees. This
framework unifies and extends multiple threads in the online
learning literature.

2 PROBLEM SETTING

We consider an online learning problem with a finite set of
experts/actions and explicit expert-dependent observation
costs. Time proceeds in rounds ¢ = 1,...,7. There are
K experts. At each round ¢, expert i € [K] produces a
prediction y; ;, and receives a loss ¢,(7) (either stochastic or
adversarially chosen) based on the prediction at round ¢. At
each round t, the learner selects a subset S; C [K] of experts
to observe. Observing expert ¢ incurs a cost p; € [0, 1], and
the learner pays the total observation cost ), s, pi- The
costs p; are fixed and known to the learner.



After selecting S;, the learner must choose an expert I; € .S,
to play (hence S; cannot be (J), and the losses {/;(%)};cs,
are revealed. Let £,(i) € [0, 1] denote the loss incurred at
round ¢ if expert ¢ is followed. At round ¢, the learner incurs
the instantaneous cost £;(I;) + >, s, Di-

For clarity, we collect here the standing assumptions of our
model, which are assumed throughout the paper.

Assumption 1 (Bounded losses; fixed and known costs).
For all rounds t € [T and experts i € [K]: (i) the losses
are bounded, ¢,(i) € [0, 1]; (ii) the observation costs p; €
[0, 1] are fixed across rounds and known to the learner. We
denote by p := max;¢ (] p; the (tight) upper bound on the
observation costs, which is thus also known to the learner.

All upper and lower bounds below are stated under Assump-
tion [T} individual theorem statements may repeat parts of
these conditions for the reader’s convenience. The regret
after 7" rounds is defined as

Ry := Z(@t (L) + sz> — mln

1€S}

T
(gt( )+ pi)-

That is, the learner is compared against the best fixed expert
in hindsight, who pays its loss and observation cost once
per round. In Section [3| the losses {¢;(¢)} are chosen ad-
versarially to obtain worst-case bounds. In Section [ we
consider a stochastic setting in which, for each expert 7, the
losses ¢4(i) are i.i.d. over time with mean p; := E[€:(¢)].
Section[5|analyzes the worst-case and instance-dependent
lower bound of the problem of cost-adaptive expert advice,
respectively, for adversarial and stochastic loss sequences.

3 MINIMAX REGRET

The minimax regret in this model depends on the scale
of the observation costs. When observation is expensive,
the learner effectively operates in a bandit regime and the
minimax regret scales as ©(v/ KT'). When observation is
cheap, the learner may observe multiple experts per round
and interpolate toward full-information behavior. The results
below characterize this tradeoff.

3.1 WARM-UP: VANILLA EXP3 FOR
ADVERSARIAL COST-ADAPTIVE EXPERTS

We begin with a simple baseline that ignores the ability
to observe multiple experts per round. The learner treats
each expert as a bandit arm with loss equal to the sum of
prediction loss and observation cost, and applies standard
EXP 3 using only the loss of the played expert.

Theorem 1 (Regret Upper Bound with Vanilla EXP3). As-
sume £,(i) € [0,1] and p; € [0,1] for all t,i. Run EXP3 on

the combined losses

Ly(i) = &:(i) + pi € 0,2],
using bandit feedback Ly(1;). Then there exists a learning
rate 1 such that

E[Rr] < 4y/TKlog K.
Proof. Apply EXP 3 to the rescaled losses L;(7)/2 € [0, 1]
and multiply the standard bound by 2. L

This baseline achieves the standard adversarial bandit regret
rate and does not exploit cheap observations. This motivates
later algorithms that adaptively observe multiple experts
when costs permit.

3.2 ALGORITHM FOR ADVERSARIAL LOSSES

At each round ¢, it first samples a subset S, C [K] of size
m uniformly at random, representing the experts whose
losses will be observed. An expert I; is then selected from
S, proportionally to its current weight, and the losses of all
experts in S; are revealed.

Algorithm 1 m—-EXP3

Require: experts [K], horizon T, costs {p; }, observation
budget m € {1,..., K}
Initialize weights w; (1) = 1 for all i € [K]
fort =1to 7 do

1:

2:

3:  Define ¢;(i) = Z}(wi(t)() for all 4
4

5

Sample I; ~ g

Sample U; C [K] \ {I;} uniformly at random with
‘Ut| =m-—1

6: Set St — {If} U U

7:  Observe {¢;(i)}ies,

8: Foreachi € [K], let
0i(i) = Pr(i € Se | @) = q(i)+(1—qe(i)) =1
9:  Define the unblased loss estimator
7 (i) = Le()1{i€ St}
t . ~ Of(l/)\ .
10:  Define L;(i) « ¢4(i) + p; for all ¢

11:  Update w;(t + 1) < w;(t) exp(—n ft(z)) for all ¢
12: end for

To account for partial observability, the algorithm constructs
an importance-weighted loss estimate for each expert by
scaling the observed losses by a factor of K /m, and setting
the estimates to zero for unobserved experts. A per-expert
observation cost is incorporated by adding a fixed penalty
p; to the estimated loss. The weights are then updated us-
ing the standard EXP 3 multiplicative update with respect to
these estimated total losses. This procedure balances explo-
ration through random subset selection, exploitation through



weighted sampling within the subset, and the cost of acquir-
ing additional observations. The complete pseudocode is
provided in Algorithm I}

Regret Analysis of Algorithm[I} We now show that by
observing up to m experts per round and using importance-
weighted feedback, the learner can interpolate smoothly
between the bandit and full-information regimes. The re-
sulting regret bound decomposes cleanly into a statistical
term that decreases with m and a linear term reflecting the
cumulative observation cost.

Theorem 2 (Adversarial regret bound for Algorithm [I)).
Assume 0y(1) € [0,1] and p; < P for all t,i. Fix m €
{1,..., K} and run Algorithm|[l| Then for a suitable learn-
ing rate 1), the expected regret satisfies

K-1
E[Rr] < 2 ﬁTlogK—i—(m—l)ﬁT (m >2),
m—

and for m = 1 it recovers the standard E[Rrp] <
2+/ KT log K bound (up to constants).

The proof is given in Appendix Section

The linear term (m — 1)5 7 does not make the regret
linear. While (m—1)p T grows linearly in 7T for any fixed
m > 2, the observation budget is a design choice: when
observations are expensive, Corollary [3| prescribes m = 1,
for which the term vanishes and the bound reduces to the
standard bandit rate, while cheap observations allow larger
m, approaching the full-information rate. Under this cost-
adaptive choice of m, the regret in Corollary [3|is sublinear
in T in all three regimes. The same consideration applies to
the instance-dependent bound of Theorem[z_f]below, whose
linear term likewise vanishes for m = 1 and whose cost-
adaptive choice of m (Corollary [5)) again yields sublinear
regret in every regime.

Our setting advances the work of Seldin et al.[[2014] along
two critical dimensions. First, we allow expert-dependent
observation costs p;, rather than assuming a uniform cost,
thereby capturing realistic heterogeneity in applications
such as crowdsourcing platforms with workers paid at differ-
ent rates and LLM-based evaluation systems with varying
API costs. Second, our regret bounds are tight and explic-
itly characterize how observation costs interact with vari-
ance reduction. In particular, when costs are sufficiently
small (p < v KT), observing multiple experts per round
can reduce regret below the standard bandit rate v KT, ap-
proaching full-information performance, whereas expensive
observations necessarily induce a bandit-like regime. The
resulting cost—variance tradeoff and the optimal observation
budget m* are fully characterized in Corollary [3| provid-
ing principled guidance for practitioners. In contrast, |Seldin
et al.|[2014]] interpolate between regimes by restricting to
single-observation settings (observing at most M of N ex-
perts per round) without explicit cost modeling, while our

framework enables simultaneous observation of adaptive
subsets with explicit cost—quality tradeoffs.

Corollary 3. Assume (:(i) € [0,1] and p; < P for all
t,i. Let a == C\/(K —1TlogK b := pT, where
C > 0is the umversal constant from Theorem[2} Then there
exists an algorithm (namely Algorithm[I|with an appropriate
choice of m and n) such that

a, b> %a,
a2/3p1/3 a 1,
E[Rr] < { 53 b +b 2K — 1)3/2 <b<za
a a
——+4+b(K—-1), 0 ———.
KflJr ( ) ~2(K —1)3/2
In particular, in the intermediate regime W <b<

1(1 choosing m =1+ {( ) 2/8 —‘ yields

E[Rr] < —223/3 a*Pp' P 4b = o((KlogK)1/3pl/3T2/3).

Proof is given in Appendix[A]

4 PROBLEM-DEPENDENT REGRET

In this section, we specialize to a stochastic setting (i.i.d.
losses over time), and derive an instance-dependent regret
bound that exhibits an explicit tradeoff between observing
many experts per round and paying observation costs.

Some Useful Notations. Before diving into the technical
details, let us define the following quantities for ease of
exposition: For each expert ¢ € [K], we define: (i) 6; :=
Hi + pir (1) O, := min;cx) 0;, (iii) i* € argmin;e (k) 0;,
@iv) A; = 0; — 0, (i # i*). (v) Let us also denote by
D = maX;e[k] Di-

4.1 A SUCCESSIVE-ELIMINATION ALGORITHM

We start with a simple elimination-style algorithm for the
problem (Algorithm [2)), which queries a fixed set of m ex-
perts every round and eliminates ‘weaker-experts’ through
a UCB-based elimination rule.

For each expert ¢, O; is number of times 4 has been observed
up to (and including) the current round ¢, and let fi; be its
empirical mean based on those O; samples. The m—ELIM

maintains an active set A (initially A = [K]). Proceed
in stages r = 1,2,... with target accuracy &, = 27"
and n, = 2 . In stage r, it partitions A into groups

Gi,...,Gy of size at most m. For each group G, it runs
Ny rounds in which it observes exactly the experts in G (so
S: = @) and plays experts in G in round-robin order. After
all groups are processed, each i € A has received n,. fresh
observations in this stage and at most [n,./m] plays.



Algorithm 2 m-ELIM

Require: experts [K], time T, costs {p; }, observations m

I: A« [K]; O;+0,p; < Oforalli

2: L+ 2log(2KT); t+1

3: forr=1,2,... while |A| > 1and¢ <7 do
4 g, 27T + [2L /%]

5:  Partition A into groups of size at most m
6:  for all groups G do

7: for s = 1ton, do

8: S; < G; choose I; € GG round-robin
9: Observe {¢:(i) }ics,. Update O; + O; + 1 and

i wforallz €S

10: t—t+1; 1ft>Tbreak

11: end for
12:  end for

13: 9 eulerl,rad +—L/(20;),foralli € A

14: b€ argminie 4 (6; + rad;), A(—{ZEA 0; —
rad; < é\b + radb}

15: end for

16: Play the remaining expert for all remaining rounds

Atthe end of stage r, for each ¢ € A, the algorithm computes
= [ + pi,
where recall that [z; is the empirical estimate of ;.

the confidence radius rad; := % and @
Let b € argminjc 4 é\] + rad; and eliminate all ¢ € A such

that @ —rad; > 5;) + rad,. If |A| = 1, observe only the
remaining expert for all remaining rounds.

Theorem 4 (Regret Analysis of Algorithm [2). Assume the
stochastic i.i.d. model above. For anym € {1,..., K}, the
algorithm m—ELIM satisfies

E[Ry] < 0 28ET) 5~ T m = 1pT 42

- m
iAi*

for a universal constant C' > 0.

Proof of Theoremd, Recall §; := p; + p;, 0, := min; 0;,

fix i* € argmin; 6;, and for i # i* let A; :=6; — 6, > 0.
We first decompose the regret:

T

Z(gt It) +ZP]) () + pi+)

~
Il
n

JES: t= l

Il
[M]=

(ft(ft) +p1, — (6 (%) + pir)

~
Il
-

t=1 jeS\{I+}

Taking expectations and using E[¢;(I}) | I;] = p1, gives

~s[y o -0 +5[L T 8]

Se\{I¢}

+Z > v

As |S;| < m always and p; < jp, we have deterministically

Y. > ps(m-

t=1jeS:\{I+}

DpT,

so it remains to bound E[Zthl (01, — 0,)].

Let O;(t) be the number of observations of expert i up
to time ¢, and [i;(¢t) be its empirical mean. Fix L :=
21og(2KT) and

£ = {VZ S [K], Vn € [T} : |ﬁi,n —H1| < m}

By Hoeffding’s inequality and a union bound over ¢ and

We condition on £. At any elimination step the algorithm
forms, for each active i,

é\i = ,az“i’pz; radi = L/(QO,)

On &, for all active 7 we have 0; € [@ — rad;, 51 + rad,].
Let b € arg min;c4(6; + rad;) and update

A+ {ieA: @-—radigé\b—i—radb}.

Then ¢* is never eliminated on £, because
0 —rad;s < 0, < 0, < O+ rady,

where the first inequality holds on £ (as 0, = 0, lies in
the confidence interval of ¢*), the second holds since 6, =
min;c (g1 0;, and the third holds on £ (as b € A). Hence
the elimination condition #;« — rad;« > 6 + rad, is never
triggered for ¢*.

Now fix any i # i*. Suppose at some elimination step
radi < Al/S and radi* < A1/8 On 5,

. A; 3A;
ei_radiZei_QradiZQ*‘FAi_ZZQ*"‘Tv
N A,
and 91'* + radi* S 9* + 21‘&(11‘* S 0* + Z

Since b minimizes (@ +rad;) over j € Aand i* € A,
N N A;
0y +rady < 0, +rad;» <6, + Z,

hence @ —rad; > §b + rady and 7 is eliminated.

Let r; := min{r : &, < A;/4}, where ¢, = 277 is the
stage accuracy parameter and n,. = [2L /2] is the number
of rounds per group in stage r. In each stage, an active
expert is observed exactly n, times (it belongs to exactly
one processed group and is observed in all n,. rounds for
that group). Therefore, after completing stage r; we have
O; > ny, and O« > ny,, SO

rad; < L < L =
= 2n,, — 2-(2L/53i)

Ti

<

A
8




and likewise rad;» < A;/8. Hence i is eliminated at (or
immediately after) the elimination step following stage r;.
Consequently, on &£, expert ¢ is played only during stages
1,2,...,7r

Within any group G of size at most m, the algorithm plays
round-robin for n,. rounds, so each expert in G is played at
most [n,/|G|] < [n,/m] times in that group-processing
block. Thus, letting IV, be the total number of plays of expert
1 over the horizon,

NZ<§r:jZﬂ <nl%§:lnr+m.

Using n, <2L/e2 +lande, =277,

T Ti 2L T . .
DD (5 " 1> <L A < CLLAT 4
r=1 r=1 r r=1
for a universal constant Cy. Since &,, < A;/4, we have
4T = g2 < 16/A?, hence

N; < % +Cs log(i)

for universal constants Cy, C3 (using r; =

O(log(1/A:))).

On any round s.t. I; = i, the expected excess (loss+played-
cost) is 8; — 6, = A;, so conditioning on &,

[XT: 0y, — 5} =S AEN | €]

iix
+ C3A; log(A1 ))

CoL
< ; (m
Since Alog(1/A) < 1 for A € (0,1], the second term
contributes at most C5(K — 1), which contributes at most
O(K) and can be absorbed into the final additive constant
term for sufficiently large 7T". Thus

T
£[30, -
t=1

for a universal constant Cj.

On £¢, we use the crude bound 0 < 67, — 0, < 2, hence

T
E[;(alt - 9*)14 < 9TP(E) < 2T - % <2.

Combining everything and recalling L = 21og(2KT),

Cy-21og(2KT) 1 B
E[Ry] < #ZE + (m—1)pT + 2.
T1F£T*
Renaming constants yields the stated bound. O

Corollary 5 (Implications of Theorem [)). Under the as-
sumptions of Theorem a let H = Zi#* A%, a =
Clog(KT)H, and b := pI. Then the choice m =
min{ K, max{1, [\/a/b]}} yields

a+2, b>a,
E[Rr] < {2Vab+2, & <b<a
44 (K-1)b+2, b< 5.

In particular, if \/a/b < 1 (i.e. a < b), then m = 1, and
E[Rr] < a+2 =0 (log(KT) Topie &)

Proof is given in Section[B]

Corollary [3 translates the instance-dependent regret bound
of Theorem []into concrete guidance for selecting the obser-
vation budget m. The key insight is that the optimal choice
of m depends on the intrinsic difﬁculty of the problem, rep-
resented by the term H := ), i A , and the cost scale
pT. Leta = C'log(KT) H and b = pT. When observation
costs dominate problem difficulty (b > a), the optimal strat-
egy is to observe a single expert per round (m = 1), recover-
ing the classical MAB regret O(H log T'). In the intermedi-
ate regime (a/ K 2 < b<a),the optimal choice m ~ \/%
interpolates between m = 1 and m = K, yielding regret
O(v/pT - HlogT). Finally, when observations are cheap
b <a/K 2), observing all experts (m = K) is optimal,
achieving accelerated regret O(H logT/K + (K — 1)pT)
due to parallelization. These regimes illustrate a fundamen-
tal tradeoff: cheap observations enable aggressive parallel
exploration, whereas expensive observations necessitate con-
servative sequential selection.

S LOWER BOUND ANALYSIS

We now complement our upper bounds with matching lower
bounds, showing that the dependence on the number of ob-
servations and observation costs is unavoidable. We present
both worst-case adversarial lower bounds and instance-
dependent lower bounds for stochastic losses.

5.1 A LOWER BOUND ON MINIMAX REGRET

We now establish the minimax optimality of the regret
bounds derived in Section 3 by proving matching lower
bounds in the adversarial setting. In particular, we show
that for any algorithm, there exists an adversarial loss
sequence under which the expected regret is at least

Q <1 JET + (i —1)p T) , where m denotes the effective
number of experts observed per round. This lower bound
matches the functional form of our upper bound in Theo-
rem[2] demonstrating that the cost-dependent interpolation



between bandit and full-information regimes induced by
heterogeneous observation costs is minimax-optimal and
cannot be improved in general.

Theorem 6 (Worst Case Lower Bound with Adversarial
Losses). Assume K > 2 and T > K. Fix a constant p €
(0,1] and set p; = p for all i. Let the optimal number of
observations

2/3
1 K
" <2p T> , 1= min{K, max{L, [m*]}},

where || denotes rounding x to the nearest integer (ties
broken arbitrarily). Then there exists an oblivious loss se-
quence distribution with £,(i) € {0,1} such that every
(possibly randomized) algorithm satisfies

E[Rr] > c <, / %T + pT(7 — 1)) : (1)

for a universal constant ¢ > 0.

Proof of Theorem[6] Choose .J uniformly in [K] and fix
e € (0,1/4]. Generate losses independently with

Ly () ~ Bernoulli(%—a), £(i) ~ Bernoulli(%) (i £ J).

Let Ny = S0 1{I, = i} and let M = 3}, (|Si| — 1).
Since the comparator pays observation cost p each round,

T T
Ry = (Z 0(I) — min Z Kt(i)) + pM.

Also min; Yy, £;(i) < >, £+(J), hence for each j € [K],
Ej[Rr] = eB;[T — N;] + pE;[M].

Averaging over J and letting ’; denote the induced distri-
bution under instance j and P the null instance where all
arms are Bernoulli( %), Pinsker’s inequality (see Lemma
in the Appendix) implies

E;[T—-N;]>T—-T %DKL(IP’J-HIP’O).

By the KL chain rule (see Lemma [T T]in the Appendix), only
rounds in which expert j is observed contribute, and

Y 1{je St}] :

t=1

Dy (P;|[Po) < 87E;

Averaging over j and using Zle Zthl 1{jeS:}=T+
M yields

E[M)]

for a universal constant ¢ > 0, where meg (= 1 + -7 €

[1, K]. Now consider the function

f(m) ::\/%T—l—pT(m—l), m e [1, K.

A direct calculation shows that the unique minimizer of
2/3

L K . Let mep =

foverm > 1ism* = (%‘/T)
min{ K, max{1,m*}} and let m := |[meyp|. Since f is
convex on (0, 00) (being the sum of m + em ™/ and a
linear term), rounding and clipping affect the value of f by
at most a universal constant factor; in particular,

= f(maip) = c2f(m)

f(meg) > min_f(m)

me(l,K]

for a universal constant ¢ € (0, 1]. Combining the previous
display with the information-theoretic lower bound above
gives

1 KE . . \/KiT T 1
?; J[Rr] >c1 f(meg) > crez ~T+p (m—1) .

Therefore, there exists an index j such that E; [R] is at least
the right-hand side, and since the adversary is oblivious, this
implies the stated minimax lower bound with ¢ := cjco. O

Corollary [/|remarks the implications of the lower bound
of Theorem [6]and the tradeoff between p vs other problem-
dependent parameters.

Corollary 7. Under the assumptions of Theorem|[6] there
exists an oblivious loss sequence distribution with {4(i) €
{0,1} s.z. every (possibly randomized) algorithm satisfies

VKT,

(Kp) T3,

1 /K
pZi T

1 1 /K
1 <yp< i /A
okvT =P =2\ T

VT +pT(K —1), p<

E[RT] Z C:

1
2K\/T’

for a universal constant ¢ > Q.

Proof is given in Appendix[C]

5.2 AN INSTANCE-DEPENDENT LOWER BOUND

For the stochastic i.i.d. setting, we complement the instance-
dependent upper bound of Theorem [ (and Corollary [5)
with matching lower bounds establishing minimax opti-
mality. In particular, we show that any algorithm that ob-

serves exactly m experts per round must incur regret at
log T 1 — .

least Q( E=D s a T (m—=1)p T) on appropriately

constructed Bernoulli instances with heterogeneous gaps

{A}




Theorem 8 (Instance-Dependent Lower Bound with
Stochastic Losses). Fix K > 2, T' > 3, and uniform costs
pi =p € (0,1]. Fix m € {1,..., K} and consider any
(possibly randomized) algorithm that observes exactly m
experts per round, i.e. |St| = m almost surely for all t. Then
there exists a stochastic i.i.d. Bernoulli instance s.t., with

Ai = 9i—9i* (’L 7é Z'*),

0; :== p;+p, i €argminb;,
(]

the expected regret satisfies

E[Ry] = Q

logT 1
— T(m—1
= ;Ai+p(m )

Proof of Theorem[8] Since p; = p and |S;| = m a.s.,

T T T
Rr=> t,(I) - miinz&(i) + pZ(\St| —1)

T
:Z&(It mmz& ) + pT'(m —1).
t=1

It remains to lower bound the loss-only term.

Fix gaps {A;}X, C (0,1/8] and set Ay = 0. Let Ay =
max;>2 A; and define means

M1 = L 2Amax7 Hi = M1 =+ Az (l 2 2)’

so u; € [1/4,3/4] and * = 1. For each ¢ > 2, define an
alternative instance that only changes arm i:

u = — A uﬁ-’) =y (J # 1),
under which ¢ is the unique minimizer of 6; = 1 + p.

Let P and P( be the induced interaction distributions un-
der the base and i-th alternative instances, and let O; :=
Zthl 1{i € S;}. By the KL chain rule (Lemma , only
rounds where 7 is observed contribute, hence

Dxw(PI[PD) < E[O] Dia(pi, ).

Since ,ui,uf;i) € [1/4,3/4] and |u; — ,u,(;i)| = 2A,;, we
have Dy (s, ,ul(-l)) < CyA? for a universal Cy. A stan-

dard twoint testing argument using Pinsker’s inequality

(Lemma|10)) gives Dy, (P||P(®)) > ¢, log T, and therefore
cologT
E[0)] > 233 @)

for a universal ¢, > 0.

Finally, Y%, 0; = Y., |S:| = mT. Combining this
identity with (2) and the usual Lai-Robbins counting step
(which turns the Q(log T'// A?) observation requirement into

Q(log T/ A;) loss regret, here sped up by a factor m because
m losses are revealed per round) yields

T T
E Zﬁt(lt)—mzinZEt(i) > c3
t=1 t=1

for a universal ¢ > 0. Adding the deterministic term
pT(m — 1) completes the proof. O

logT 1
m ZK’

igir

Corollary P remarks the implications of the lower bound
of Theorem [§] through the tradeoff between p vs instance-
dependent parameters A; and the optimal size of the obser-
vation set.

Corollary 9. Under the assumptions of Theorem|[8) define
the instance-dependent difficulty

1 (logT) S
S = Z —,m" =,
iir O pT

m = min{ K, max{1, [m*1}}.

Then for every (possibly randomized) algorithm that ob-
serves exactly m experts per round (i.e. |S;| = m a.s.),
there exists a stochastic i.i.d. Bernoulli instance for which

(Lesnis

E[Rr] > ¢ 4= 1)

for a universal constant ¢ > 0. In particular, taking m = m
vields the following parameter regimes:

_ (logT) S _ (logT) S
o T ’ T TK?
(logT) S JBzs,,
E[Rr] > ¢ - pT (logT) S (ng,%?;}l@
Q=TS 4 (K — 1) LSS

for a universal constant ¢’ > 0. Moreover, the correspond-
ing minimizing choices are m = 1 in the first regime,
m ~ m* in the middle regime, and m = K in the third
regime.

Proof is given in Appendix[C]

6 EMPIRICAL VALIDATION

We compare m—EXP3 and m—ELIM against a UCB base-
line on three synthetic instances (1" = 10,000, R = 40
independent runs), with the observation budget m set per
Corollaries [3land 15l UCB serves as a natural baseline that
ignores the parallel observation structure and is included to
quantify the cost of not exploiting simultaneous queries.
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Figure 1: Average cumulative regret vs. ¢ (R = 40 runs; shaded bands = +std). m~EXP 3 and m—ELIM quickly identify ¢*
and plateau in all three instances, while UCB’s regret continues to grow with 7. m—EXP 3 slightly outperforms m-ELIM,
consistent with the advantage of gradient-based over elimination-based methods.

Instances. AP40 (K = 40, p; = 0.001, o €
{0.7%11,0.5%15,0.3%13 0.1*1}) has very cheap per-arm
costs and a unique best arm ¢* with ¢* = 0.1, separated
from the rest by gaps A; € {0.1,0.2,0.4,0.6}. HARD20
(K =20, p; = 0.05, u € {0.2%19,0.1%1}) is designed to
be hard: all suboptimal arms share the same loss 0.2, creat-
ing a uniform small gap A = 0.1 that makes identification
difficult. E-HARD20 (K = 20, p; = 0.2, p; = 0.1 for
i€([2,10], p; = 0.2 fori € [11,20], uy = 0.05, u; = 0.25
for i # 1) stresses cost heterogeneity: the optimal arm
1" = 1 has a higher observation cost than half the subopti-
mal arms, testing whether our algorithms correctly account

for the cost-quality tradeoff. Full numerical results appear
in Table[T] (Appendix [E).

Results. Figure [l|reveals a consistent pattern across all
instances. UCB accumulates growing regret throughout, fail-
ing to exploit parallel observations and effectively treating
the problem as a standard K -armed bandit. In contrast, both
m-EXP3 and m—-ELIM rapidly identify ¢* and plateau to
near-constant cumulative regret, consistent with our theoret-
ical prediction of O(log T') instance-dependent regret.

The effect is most dramatic on HARD20: despite the small
uniform gap A = 0.1, both algorithms converge to re-
gret ~ 3 by ¢t ~ 2,000 and grow negligibly thereafter—a
roughly 200 improvement over UCB at 7' = 10,000. On
AP40, cheap observations enable a large m, leading to fast
identification and convergence by ¢ ~ 2,000 across the di-
verse gap structure. On E-HARD?20, convergence is slower
(t =~ 5,000) due to heterogeneous costs complicating the
identification of ¢*, but both algorithms still plateau far be-
low UCB.

7 CONCLUSION

We introduced the cost-adaptive expert advice problem, pro-
viding the first unified theoretical treatment of online learn-
ing with heterogeneous, expert-dependent observation costs.
This setting captures the economic realities of crowdsourc-
ing, human feedback, and LLM-based evaluation systems,
extending classical expert advice and bandit models that
assume free or uniform-cost observations. We developed a
sequence of algorithms—ranging from fixed-budget sam-
pling to fully adaptive cost-aware strategies—and estab-
lished tight minimax and instance-dependent regret bounds
in both adversarial and stochastic settings. Our results re-
veal three fundamental regimes (expensive, balanced, and
cheap observations), characterize the optimal observation
budget, and provide matching information-theoretic lower
bounds, demonstrating that our guarantees are optimal up
to constants.

This work opens several natural directions for future
research. Important extensions include contextual and
instance-dependent costs and losses, learning with unknown
or estimated costs, heterogeneous loss scales, and corre-
lated experts. Another compelling direction is to move be-
yond our additive loss-plus-cost objective to non-additive
(e.g., submodular or supermodular) aggregate losses over
the queried set of experts, capturing settings where the com-
bined output of several experts or workers behaves as a
general set function; recent advances in multi-agent contract
design [Castiglioni et al.|[2023| Diitting et al.,|2023| provide
a natural starting point for this extension. More broadly,
our framework provides a principled foundation for cost-
aware learning from heterogeneous information sources,
with immediate implications for active learning and RLHF
pipelines, where intelligent allocation of expensive human
and model-based feedback is increasingly critical.
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SUPPLEMENTARY: EXPERT ADVICE WITH COSTLY
OBSERVATIONS

A APPENDIX FOR SECTION
A.1 PROOF OF THEOREM

Proof of Theorem[2] Let L. (i) := ¢;(i) + p; € [0, 2] denote the combined per-round loss of expert i. Decompose regret as

T

T
Rr = Z(Et(ft) + Z pz’) — min Z(ff(l) +pi)
t=1

t=1 1€Sy
T

:(ZLt(It)—miinzT:Lt(i))—&-zT: > b

t=1ieS\{I:}
We bound the two terms separately.
The extra observation costs can be bound as follows. Since |S;| = m and p; < p,

T

Z Z pi < (m—1)pT.

t=14ieS\{I+}

For regret with respect to the loss, we fix ¢ and define the observation probability

0i(i) =Pr(i € S | qt) = qu(i) + (1 — qt(l»%

By construction, for each 7 the estimator

~ l(i)1{i € S

f(5) = L € 5

04 (i)
is unbiased: N
E[6: (i) | g = £:(3)-

Define L (i) := £;(i) + pi, 50 E[L; (i) | q;] = Ly (i).
We now a}t?ply the standard multiplicative-weights (EXP3-style) potential argument with unbiased estimated losses. Let
Wy =30, w;(t) and g4 (i) = w;(t)/W;. Using exp(—z) < 1 — x + 22 /2 for z > 0 and the weight update,

Wit ) >
= —nL
iy = 2wl exp(=n L)
K 2
S Z qt(l) (1 — nLt(Z) + 7[@(@)2)
i=1
K R n? K R
=1- n Z qt(Z)Lt(Z) + ? qt(z)Lt(z)Q
i=1 =1
Taking logs and summing over ¢ gives
W T K 2 T K
T+1 N\NT /- NT /2
log W < - Z Z q. ()L (3) + 5 Z Z qe(3) Ly (3)*. 3)

On the other hand, for any fixed expert ¢,

T
Wpir >w(T+1) = exp(—nz Et(l)), Wy, = K,

t=1



SO

log LHL > 1Y Tli) ~ log K- )

Combining (3) and (@), rearranging, and taking expectations ylelds

E[Z Z a()Li(i)| ~ E [ET: Lu(i)]

t=1 i=1 t=1

< ®)

logK nELZl (i }

i=1

Since E[Lt( ) | g¢t] = L¢(i), the left-hand side of (@) equals

E[imm} - L.

t=1
because I; ~ g;.

It remains to bound the second-moment term. Using (z + y)2 < 272 4+ 2y2, we have for each 1,
Li(i)? = (0(3) + pi)? < 26:(i) + 2p2.
Since 4;(7) € [0, 1], we have ﬁt( )2 < 1{i € S;}/04(i)?. Therefore,

K K
Z Qt(i)zt@)z <2 Z Qt(i)zt(i)Q +2 Z q:(i)p
<22 l{ZESf}+2_2

Taking expectation conditional on ¢; and using Pr(i € S; | ¢;) = 0.(¢) yields

K o~
E lz qe (i) Ly (i)?
S 04 (7) 2 _ - q:(7) 52
Szzqt(l)ot(i)2+2p 2ZOt(i)+2p .

=1 i=1

Finally, for all i we have o;(i) > %= hence
iqt(i) _E-1 i = K1
izlot(i)_mfliz1 m—1"
Therefore,

E[iiqt(i)it(z’)ﬂ <T (2 : K—i + 25 ) .

t=1 i=1

(m—1)log K
(K—1)T

T T
, , K1 .
E[;Lt(lt) —mim;Lt(z)} <2\/ - Tlog K + yTp".

Since p < 1, we have nTp? < nT'p. For the chosen learning rate, ) = 1/% <1, whenever T’ > (m;ﬂ and

otherwise the bound is trivial up to constants. Hence nTp? < T'p. For m > 2, this term is of order nTp? < pT and hence
is dominated by the (m — 1)p T term up to universal constants whenever m > 2. Adding the extra observation cost term
(m — 1)pT completes the proof. O

Plugging into (5) and optimizing n = yields



A.2 PROOF OF COROLLARY

Proof of Corollary Corollary[3] From Theorem 22} for each integer i € {2, ..., K'} there exists a choice of 7 such that
E[Rr] < a(m —1)"Y2 4 b(m —1),

where a = C/(K — 1)T'log K and b = pT'. For m = 1 we have the bandit bound E[R7] < a up to constants.
Define z :=m —1 € {0,..., K — 1} and consider

f(x) = ax™? 4 b, zell,K—1].

If b =0, takem = K to get E[Ry] < a/vVK — 1.

Assume b > 0 and treat x as real. Then
fl(z) = —%azfs/2 +b.
. C a\2/3
The stationary point is z* = (%) .
We split into three cases.

Case 1: z* < 1. This is equivalent to b > %a. Then m = 1 is optimal and E[Rr] < a.
Case2:1 <z* < K —1.Letx = [z*]. Then

fl@) < f(z") +b.

Direct calculation gives f(z*) = 22‘%@2/ 3p1/3. Hence

3
E[RT] S 22Wa?/gbl/g + b

Case 3: 2* > K — 1. Then m = K minimizes regret and

a
VK -1
This completes the proof. O

E[Rr] < +b(K —1).

B APPENDIX FOR SECTION @

B.1 PROOF OF COROLLARY [j
Proof of Corollary[5] Apply Theorem 4] and write its bound:

E[Ry] < % F(m—1)b+2,

Minimizing over m € [K] yields the first inequality. Since f(m) = a/m + (m — 1)b is convex over m > 1, rounding the
unconstrained minimizer to the nearest integer changes the value by at most an additive b term, which is absorbed into
constants.

If b = 0, then min; << {a/m + (m — 1)b} = a/K, giving the third case (with b = 0). Now assume b > 0 and consider
f(m) = a/m + (m — 1)b over real m > 1. Its unconstrained minimizer is m* = \/a/b, with f(m*) = 2v/ab — b.

Case 1: m* <1 (b > a). Then f is minimized at m = 1, giving mini<,,<x f(m) = f(1) = a.

Case 2: 1 <m* < K with %5 < b < a.Letm := [m*]. Since m > m*, the term a/m is at most a/m* = v/ ab, and since
m < m* + 1, the linear term increases by at most b. Thus f(m) < f(m*) + b < 2+/ab.

Case 3: m* > K (b < a/K?). Then the minimum over m € [1, K] is attained at m = K, giving ming<;,<x f(m)
f(K) =a/K + (K — 1)b. Adding the 42 term completes the proof.

o



Remark (Choosing m without knowledge of the gaps: online estimation of A;). The cost-adaptive choice of m in
Corollary depends on the problem difficulty H =}, i 1 /A, which is unknown a priori. The gaps can, however, be
estimated online from the same confidence bounds already maintained by m-ELIM, at no additional cost in the regret
guarantee. For each expert ¢ and round ¢, Hoeffding’s inequality yields the confidence bounds

UCB(6;,1) == 0;(t) +rad;(t),  LCB(6;,t) := 0;(t) — rad; (),
with rad,;(¢) = v/L/(20;(t)) as in Algorithm From these one can construct optimistic and pessimistic gap estimates
UCB(AZ,t) = UCB(gl,t) — min LCB(QJ,t), LCB(A“t) = LCB(Gl,t) — min UCB(Hj,t)
J€[K] J€[K]
On the event & of the proof of Theorem [} every 6; lies in [LCB(6;,t), UCB(6;, )], so that min; LCB(0;,t) < 6, <
min; UCB(0;, t) and hence
LCB(A;,t) < A; < UCB(A,¢) for all 7 # ¢* and all ¢.

Consequently, the case analysis of Corollarycan be made fully data-driven by substituting LCB(A,, ¢) for A, in conditions
of the form (-) > a and UCB(A,, ¢) in conditions of the form (-) < a, which accounts for the estimation uncertainty while
preserving the validity of each case. This, in turn, naturally leads to an adaptive, per-round choice of the observation budget
m based on the current gap estimates. Since the widths UCB(A,;, t) — LCB(A,, t) < 2rad;(t) + 2 max; rad;(t) shrink at
the fast Hoeffding rate O (1/log(KT)/O;(t)) under the elimination schedule of Algorithm accounting for the estimation
error affects the bound of Theorem only by universal constant factors; i.e., the adaptive choice of m; incurs no additional
regret cost.

C APPENDIX FOR SECTION

C.1 PROOF OF COROLLARY

Proof of Corollary[7] Using Theorem 6] (and its notation), we split into cases according to the value of m*.

Case 1: m* < 1. The condition m* < 1 is equivalent to p > %\ /K /T.In this case m = 1, and gives

E[Rr] > ¢VKT.
Case 2: 1 < m* < K. This is equivalent to 2K1\/T <p< % K/T. In this case m = |m*]| and in particular
1 -
im* < m < 2m~, 6)

since rounding to the nearest integer changes a positive quantity by at most a factor 2. Using (6) in () yields, for a universal

constant ¢y > 0,
K N
E[Rr] > ¢ —m*T +pT(m*—1)].

~1/3
Now compute /LT = (KT)'/2(m*)~1/2 = (KT)'/? (i./%) = 2V/3(Kp)'/3T?%/3 and

2p

| R 2/3
T * T - = — 272/3 K 1/3T2/3.
pI'm* =p <2p T) (Kp)

Therefore, /2T + pT'(m* — 1) = 525 (Kp)'/3T?/3 — pT. Dropping the negative —pT term and absorbing constants

into ¢’ gives
E[Rr] > ¢ (Kp)Y/3T%3.

3 * " * . . 1 . ~ .
Case 3: m* > K. The condition m* > K is equivalent to p < SRTT In this case m = K, and @]) gives

E[Ry] > ¢ (\/T+pT(K - 1)) .

Finally, renaming constants completes the proof. O



C.2 PROOF OF COROLLARYE]

Proof of Corollary[9 By Theorem there exists an instance such that for any fixed m € {1,..., K},

E[Ry] > c<(1°gn?5

+pT'(m — 1)) .

Consider the function f(m) = % + pT'(m — 1) for m € [1, K]. Ignoring the additive constant —pT’, the convex
(logT) S
m

function + pI'm has unique minimizer

(logT) S
T

m* =

We split into cases according to the value of m*.
Case 1: m* < 1. This is equivalent to pT" > (logT) S,i.e.p > %. Then the clipped minimizer is m = 1 and
E[Rr] > ¢((logT)S + pT(0)) = c(logT) S.

Case 2: 1 < m* < K. This is equivalent to % <p< %. Rounding to m = |m*] changes m* by at most a

constant factor, hence f(m) > ¢o f(m*) for a universal ¢y € (0, 1]. Evaluating at m* gives

f(m*) = (10%77;)5 +pT'(m* —1) =2+/pT (logT) S — pT,

and we can drop the negative term and absorb constants.

Case 3: m* > K. This is equivalent to (log T) S > pTK?,i.e. p < %. Then the clipped minimizer is m = K and
logT) S
E[Ry] > ¢ <(°gK) +pT(K — 1)> .
Renaming constants completes the proof. O

D INFORMATION-THEORETIC TOOLS

We recall two standard results used in the proofs in Section E} Both of these results are classical [Cover and Thomas|, 2006,
Lattimore and Szepesvari, [2020].

Lemma 10 (Pinsker’s inequality). For any two probability measures P and @),

P —Qllrv < /3DxL(P||Q).

Lemma 11 (KL chain rule). Let P and Q be distributions over a sequence of random variables (Z1, . . . , Z) with respective
conditional distributions Py(- | Z<t) and Q+(- | Z<¢). Then

Dxu(P||Q) =Y Ep[Dxu(Pi(- | Z<)llQi(- | Z<1)))-
=1

E EXPERIMENTAL DETAILS

Table[I]reports the full numerical results for the empirical validation in Section [6] (mean =+ std over R = 40 independent
runs).



Table 1: Average cumulative regret (mean =+ std, R = 40 runs). m—EXP 3 and m—~ELIM plateau after identifying ¢*, while

UCB grows linearly throughout.

Instance t UCB m-ELIM m-EXP3
AP40 1,000 307.56 £6.35 110.77 £19.75 80.01 £4.05
5,000 1082.25 +£29.75 147.46 4+ 36.56 84.33 +=4.47
10,000 1494.44 +£57.51 147.46 + 36.56 84.33 +4.47
HARD20 1,000 165.67 £+ 8.09 2.97 £ 1.60 3.10£0.79
5,000 485.86 + 33.49 3.01 £1.79 3.21 +0.80
10,000 616.76 &= 41.78 3.01 +£1.79 3.21 +0.80
E-HARD20 1,000 176.40 £ 2.67 103.56 +10.70 72.65 &+ 3.53
5,000 693.97 +28.40 252.15+62.74 92.96 £5.35
10,000 1019.26 +£48.78 252.154+62.74 92.96 4+ 5.35
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