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Summary

Modern learning systems frequently operate under constraints that limit how information
is observed, updated, or queried. These constraints which arise from finite data, sampling
without replacement, costly updates, or restricted query access, introduce systematic sta-
tistical effects that are not captured by classical asymptotic analyses. This thesis studies
how such constraints shape learning behavior, error dynamics, and achievable performance
guarantees.

We begin by studying the problem of learning a random hypergraph under limited, non-
adaptive access. Focusing on the task of recovering random hypergraphs via hyperedge-
detection queries, we derive information-theoretic lower bounds and develop efficient ran-
domized algorithms that achieve near-optimal query complexity. By exploiting connections
to group testing, we show that randommess in both the data-generating process and the
query design enables reliable recovery despite strong identifiability constraints.

We then turn to online learning settings in which updating a model is costly, and learning
algorithms must balance performance improvement against the expense of recalculation.
Assuming per-round regret guarantees that decay polynomially with sample size, we analyze
how the timing and frequency of updates affect cumulative regret. We characterize optimal
recalculation schedules under fixed and growing update budgets, establishing sharp tradeoffs
between the number of updates and achievable regret rates. These results formalize when
near-optimal learning is possible despite severe restrictions on adaptivity.

Finally, we investigate cross-validation in small-data regimes, where repeated random
train—test splits induce a notable anti-correlation between training and test errors. We
show that this phenomenon arises naturally from hypergeometric sampling from a finite

population and persists across a range of classical learning algorithms. By introducing a
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SUMMARY xiii
simple generative model that incorporates both sampling effects and algorithmic overfitting
bias, we derive closed-form expressions for the covariances among training, test, and holdout
errors, providing a theoretical framework for empirically observed error dynamics.

Taken together, these results demonstrate how structural constraints on information
either imposed by data reuse, update costs, or restricted queries can induce nontrivial and
sometimes counterintuitive learning phenomena. Rather than being mere obstacles, such
constraints often create regularities that can be characterized, exploited, and optimized. This
thesis advances a unified perspective on learning under structured uncertainty, highlighting
the central role of sampling and information limitations in modern statistical and algorithmic

learning theory.



CHAPTER 1

Introduction

Learning in settings where information is constrained in some manner is a common chal-
lenge in modern machine learning. In small-data regimes, where the use of cross-validation is
natural, such constraints raise fundamental questions about model selection and evaluation.
In online learning settings, where updating a model or data-dependent decision rule may be
costly, we seek to understand the trade-offs between update frequency and cumulative regret.
Finally, in settings where access to data is limited to indirect or restricted queries, such as in
the recovery of latent discrete structures, the central questions concern identifiability and the
number of queries required for reliable recovery. This thesis investigates how these diverse
settings conduce a shared framework of behavior scaffolded by information constraints.

Throughout this thesis, we consider supervised learning problems in which a model is
trained on labeled data and evaluated via an error metric on unseen samples. Learning
performance is measured primarily in terms of error rates or regret, depending on the setting,
and comparisons are made with respect to either a fixed benchmark or an idealized reference
model. We distinguish between expected error, defined with respect to the underlying data-
generating distribution, and observed error, which arises from finite samples and specific
realizations of randomness. Our focus is on finite-sample behavior, where these two quantities
may differ substantially and where structural effects induced by sampling and information
constraints become most apparent.

The uncertainty studied in this thesis arises from specific mechanisms inherent to the
learning process rather than from unmodeled noise. These mechanisms include sampling
variability due to finite datasets and sampling without replacement, algorithmic randomness
introduced by procedures such as random data splits or randomized query designs, and

systematic bias arising from model capacity and overfitting. Importantly, these sources



1. OVERVIEW OF RELEVANT TOPICS 2
of uncertainty induce dependencies and correlations that persist across repetitions of the
learning process. We therefore view uncertainty in these settings as structured, in the sense

that its effects are predictable and amenable to theoretical analysis.

1. Overview of Relevant Topics

1.1. Query Learning and Random Hypergraphs. In query learning, a learner does
not observe data directly but instead acquires information through responses to queries
posed to an oracle. These queries may be adaptive, depending on previous responses, or
non-adaptive, specified in advance. A central challenge in this setting is identifiability:
determining whether the available queries contain sufficient information to uniquely recover
the underlying structure of interest. In this thesis, we study this problem in the context of
recovering latent combinatorial structures, including random hypergraphs, from restricted
query access. Randomized query designs often play a crucial role in making recovery feasible,
as they impose average-case structure that can be exploited algorithmically and analyzed
theoretically.

Query learning models capture settings in which direct observation of data is infeasible
or prohibitively expensive. Such scenarios arise in applications including biological testing,
network tomography, and combinatorial structure discovery, where information is obtained
only through indirect measurements. In these settings, the design of queries and the in-
terpretation of oracle responses are central to the feasibility of learning. The fundamental
question is not only how to recover the underlying object, but whether recovery is possible
at all given the available query access.

In query learning, the learner seeks to recover an unknown object H by issuing queries to
an oracle and observing the corresponding responses. Each query is selected from a prescribed
class and returns information determined by both the query and the underlying object.
Queries are said to be adaptive if they are chosen sequentially based on past responses,
and non-adaptive if they are fixed in advance. A learning problem is identifiable if the

oracle responses uniquely determine H within a specified hypothesis class; otherwise, exact
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recovery is information-theoretically impossible. In this thesis, we consider settings in which
identifiability may only hold under probabilistic assumptions on H, such as when H is a
random hypergraph.

In worst-case formulations, query recovery problems often admit strong impossibility re-
sults, even when the underlying structure is relatively simple. This motivates the study
of average-case models in which the object to be recovered is drawn from a known dis-
tribution. In this thesis, we focus on random hypergraphs, where probabilistic structure
enables efficient recovery using randomized, non-adaptive query designs. We analyze both
information-theoretic limits and algorithmic strategies, demonstrating how randomness can

transform otherwise intractable recovery problems into feasible ones.

1.2. Regret and Online Learning. In online learning, data arrive sequentially and
decisions must be made before observing future outcomes. Performance in this setting is
commonly measured using regret, which quantifies the cumulative difference between the loss
incurred by the learner and that of an optimal reference decision chosen in hindsight. Per-
round regret captures instantaneous suboptimality, while cumulative regret reflects the long-
term cost of learning under uncertainty. Regret provides a natural framework for analyzing
learning behavior when decisions are irrevocable and information is revealed over time. In
many practical settings, however, updating a model or decision rule is itself costly, motivating
the study of learning dynamics under explicit constraints on the frequency of updates.

Online learning models arise naturally in settings where data are revealed sequentially and
decisions must be made in real time. Examples include adaptive control, recommendation
systems, and resource allocation problems. In such settings, traditional batch performance
metrics are insufficient, as decisions cannot be revised retroactively. Regret provides a prin-
cipled way to evaluate learning performance by comparing the learner’s cumulative loss to
that of an optimal reference chosen in hindsight.

In an online learning setting, a learner observes a sequence of data points or outcomes
T1,T9, ..., T over time and selects actions or predictors pq,ps, ..., pr sequentially. At each

round ¢, the learner incurs a loss ¢(p;, z;). The per-round regret is defined as the difference
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between the loss incurred by the learner at round ¢ and the loss of a fixed reference action
chosen in hindsight, while the cumulative regret is the sum of per-round regrets over all
rounds. Regret therefore quantifies the total performance gap between the learner and an
ideal benchmark with full knowledge of the data sequence.

Most classical regret analyses implicitly assume that updating the learner’s decision rule
is computationally or operationally inexpensive. In practice, however, updates may incur
significant costs, such as retraining time, system reconfiguration, or financial expense. This
thesis examines how explicit constraints on update frequency alter the trade-offs between
learning speed and cumulative regret. By analyzing learning dynamics under limited re-
calculation budgets, we characterize when near-optimal regret rates remain achievable and

when such constraints fundamentally limit performance.

1.3. Cross Validation. Cross-validation (CV) is a standard technique for estimating
a model’s generalization performance by repeatedly partitioning a dataset into training and
test subsets. Under idealized assumptions, different CV splits are treated as approximately
independent evaluations of the same underlying learning process. In small-data regimes,
however, this assumption breaks down: repeated splits reuse a substantial fraction of the
same data, inducing dependencies between training and test errors across folds. As a result,
the sampling mechanism underlying cross-validation can systematically shape observed er-
ror behavior, including the emergence of strong anti-correlations between training and test
performance.

Cross-validation is widely used in practice not only as an evaluation tool but also as
a mechanism for model selection and comparison. In settings where data are limited and
independent test sets are unavailable, cross-validation often serves as the primary basis
for choosing between competing models or hyperparameters. As a result, the statistical
behavior of cross-validation error estimates directly influences downstream decisions about
model complexity and deployment. Understanding how cross-validation behaves under finite-
sample constraints is therefore critical for interpreting empirical performance and avoiding

systematic bias in model selection.
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Let D = {(z;,v:)}, denote a finite dataset drawn from an underlying data-generating
distribution P. A cross-validation procedure consists of repeatedly partitioning D into dis-
joint training and test sets, training a model on the training portion, and evaluating its
empirical error on the corresponding test portion. The resulting test error is used as an esti-
mator of the model’s generalization error, defined as the expected loss on a fresh data point
drawn from P. Because cross-validation splits reuse data points across different partitions,
the training and test errors obtained from different splits are generally dependent random
variables when N is finite.

This thesis investigates how the finite-sample sampling structure underlying cross-validation
induces systematic dependencies between training and test errors across splits. We show
that these dependencies can give rise to pronounced anti-correlations that are not artifacts
of specific algorithms but rather consequences of sampling without replacement from a fixed
dataset. By characterizing these effects analytically and empirically, we provide a principled
explanation for observed error behavior in small-data regimes and clarify the limitations of

treating cross-validation estimates as independent.

2. Preliminaries

2.1. Notation. Throughout this thesis, random variables are defined on an underlying
probability space that captures both the randomness of the data-generating process and any
algorithmic randomness. Expectations and probabilities are taken with respect to this space
unless stated otherwise. For a distribution P, we write (z,y) ~ P to denote a sample drawn

from P, and we use E to denote expectation.

2.2. Data and Loss Functions. Let X denote an input space and ) an output space.
Let P be a distribution over X x V. A dataset D = {(x;, y;)}Y, consists of N samples drawn
without replacement from P.

Let ‘H denote a hypothesis class. A hypothesis h € H incurs loss ¢(h(z),y) on an example

(x,y), where £ : Y x Y — Ry is a fixed loss function.
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Given a dataset S C D, the empirical error of A on S is defined as

Ls(h) = g7 3 hia).0).

(z,y)eS

The expected (generalization) error of h is defined as

Lp(h) = Egy~p[l(h(2), y)].

2.3. PAC Learning and VC Dimension. The Probably Approximately Correct (PAC)
learning framework (Valiant, [1984) formalizes when a hypothesis class can be learned from
finitely many labeled examples. A hypothesis class H is said to be PAC learnable if there
exists a learning algorithm such that, for every distribution P over X x ) and for all £, > 0,

the algorithm outputs a hypothesis h € ‘H satisfying
Pr Lp(h) < inf Lp(h/) +el>1-— 0
heH

after observing a number of samples polynomial in 1/, 1/§, and the complexity of H.

The Vapnik—Chervonenkis (VC) dimension (Vapnik and Chervonenkis, [1971) provides a
combinatorial measure of the capacity of a hypothesis class. A set S C X is said to be shat-
tered by H if for every labeling of S there exists a hypothesis in H that realizes that labeling.
The VC dimension of H, denoted VC(H), is the size of the largest set that can be shattered
by H. Finite VC dimension characterizes PAC learnability for many standard hypothesis
classes and governs the sample complexity required to guarantee uniform convergence of

empirical error to expected error.

2.4. Query Learning. Let H be a hypothesis class and let H € H be an unknown
object. A query learning problem consists of an oracle O that maps a query ¢ € Q to a
response O(q, H).

A query algorithm selects a sequence of queries (qq,...,¢y,). The algorithm is adaptive

if ¢; may depend on {O(g;, H)};<i, and non-adaptive otherwise.
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The hypothesis class H is identifiable under query class Q if for any H # H' € H, there

exists a query ¢ € Q such that
O(q, H) # O(q, H').

2.5. Random Hypergraphs. A k-uniform hypergraph on a vertex set V' is a collection
EC (:) A random hypergraph is generated by including each k-subset of V' independently
with probability ¢q. All probabilistic statements involving hypergraphs are taken with respect
to this generative model.

Concentration inequalities structure many probabilistic proofs. We make explicit the

following version of Hoeffding’s inequality, as it is employed in our proofs in Chapter 2.

LEMMA 1. Let X ~ Binom(n,p). Then, for any t > 0:

= —p‘ > t] < e,

Pr{X

n

2.6. Online Learning. In the online learning model, a learner interacts with a sequence
of outcomes x1,xo,...,x7r. At each round t, the learner selects an action or prediction p;
from an action set P and incurs loss ¢(pz, z¢).

Let p* € P denote a fixed reference action minimizing cumulative loss in hindsight. The

cumulative regret after T rounds is defined as

Ry =" (e i) — 0", 22)

The per-round regret at time t is defined as the summand inside the above expression.

We say that an algorithm achieves regret rate r(7T) if E[Rr] = O(r(T)).

The Littlestone dimension (Littlestone, |1988) provides a combinatorial characterization
of online learnability in adversarial environments. Consider a complete binary tree whose
internal nodes are labeled by elements of X and whose edges correspond to binary labels.
A hypothesis class H is said to shatter such a tree if for every root-to-leaf path there exists
a hypothesis in ‘H consistent with all labels along that path. The Littlestone dimension of
H, denoted Ldim(#), is the maximum depth of a tree that can be shattered by . Finite
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Littlestone dimension characterizes the existence of online learning algorithms with bounded

regret in adversarial settings.

2.7. Recalculation Schedules. A recalculation schedule is a subset C C {1,2,...,T}
indicating the rounds at which the learner updates its decision rule. Between recalculation
times, the learner continues to use the most recently computed action or hypothesis.

The cost of a schedule is measured by |C|, the number of recalculations performed.

2.8. Cross-Validation. A cross-validation split is a random partition of a dataset, D,
into two disjoint subsets (Dipain, Diest) With fixed cardinalities. Unless otherwise specified,
splits are sampled uniformly at random without replacement from D.

Given a split, a learning algorithm produces a hypothesis hai, using only Dipain. The

associated training error and test error are defined as

Ltrain = LDt,.ain<htrain)7 Ltest = L’Dtest (htrain)-

Across repeated splits, Etmin and Etest are treated as random variables induced by the

sampling procedure.

3. Background and Related Foundations

The three settings studied in this thesis, query recovery, online learning with regret, and
cross-validation, each arise from well-established traditions in statistical learning theory and
theoretical computer science. While these areas have developed largely independently, they
share a common concern: understanding how limitations on available information affect the

reliability and efficiency of learning.

3.1. Query Learning and Combinatorial Recovery. The study of learning through
queries originates in work by (Angluin, 1988) on exact learning from membership and equiv-
alence queries. In this framework, a learner seeks to identify an unknown target object by
interacting with an oracle that answers structured questions about the object. Angluin’s

model established a formal foundation for learning when direct access to labeled data is
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unavailable, and it has since been extended to a variety of combinatorial identification prob-
lems. These include group testing, decision tree learning, and the recovery of structured
objects such as graphs, hypergraphs, and Boolean functions.

Query learning models problems in which the learner cannot directly observe the un-
derlying object but instead obtains information through structured queries. This framework
generalizes classical group testing, combinatorial search, and oracle-based identification prob-
lems. A fundamental distinction in this literature is between adaptive and non-adaptive
query strategies. Adaptive algorithms tailor future queries based on past responses, often
achieving stronger guarantees at the cost of sequential interaction. Non-adaptive algorithms
fix all queries in advance, enabling parallelization but typically requiring more careful design.

In worst-case formulations, recovery problems frequently admit strong lower bounds,
even when the underlying object is sparse or structured. This has motivated the study
of average-case models, in which the unknown object is drawn from a known probability
distribution. Random graph and hypergraph models provide a natural setting for such
analyses. In these models, probabilistic structure enables concentration phenomena and
typical-instance behavior that can be exploited algorithmically. The resulting guarantees
often balance information-theoretic limits, captured by identifiability conditions with com-

putational considerations such as query complexity and decoding time.

3.2. Online Learning and Regret Minimization. Online learning formalizes se-
quential decision-making under uncertainty. A central performance metric in this framework
is regret, which measures the cumulative excess loss of the learner relative to a benchmark
chosen in hindsight. In stochastic settings, where outcomes are drawn from a fixed distri-
bution, classical results establish regret rates that decay sublinearly in time, often of order
O(T'~¢) or O(log T') depending on assumptions. In adversarial settings, regret bounds char-
acterize worst-case guarantees independent of probabilistic assumptions.

Standard formulations implicitly assume that the learner may update its strategy at ev-
ery round without additional cost. In many realistic systems, however, updating a model

requires nontrivial computation, resource allocation, or operational changes. Introducing
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explicit constraints on the frequency of updates alters the geometry of regret accumulation:
between updates, the learner operates with stale information, potentially incurring addi-
tional loss. The resulting trade-off between update frequency and cumulative regret lies at
the intersection of learning theory and resource-constrained optimization. While regret min-
imization is well understood in unconstrained settings, comparatively less work characterizes

optimal performance when updates themselves are limited.

3.3. Cross-Validation and Finite-Sample Generalization. Cross-validation is one
of the most widely used procedures for estimating generalization error in supervised learn-
ing. Classical statistical analyses treat test error as a proxy unbiased estimator of expected
loss under suitable independence assumptions. When datasets are large relative to model
complexity, asymptotic approximations often justify treating different validation splits as
effectively independent.

However, finite-sample settings introduce structural dependencies that are typically ig-
nored in asymptotic analyses. When data are sampled without replacement from a fixed
dataset, training and test sets across different splits overlap substantially. As a result, em-
pirical error estimates become correlated random variables whose joint behavior is governed
by the combinatorics of sampling rather than by independent draws from the underlying
distribution. While variance estimation for cross-validation has been studied extensively,
less attention has been given to the systematic covariance structure induced by repeated
reuse of finite data. Understanding this dependence structure is central to interpreting
cross-validation outcomes in small-data regimes, particularly when model selection decisions

hinge on relative performance across splits.

3.4. Common Themes. Despite their differing surface forms, these three areas share
structural similarities. Fach studies learning under a constraint on accessible information:
finite sampling without replacement in cross-validation, delayed updates in online learning,
and restricted oracle access in query recovery. In each case, classical results describe idealized
or asymptotic performance, while the constrained regimes introduce new dependencies and

trade-offs that alter achievable guarantees.
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This thesis develops a unified perspective on these phenomena by focusing on how struc-
tured limitations, rather than arbitrary noise, govern the joint behavior of recoverability,
regret accumulation, and error estimates. By analyzing the combinatorial and probabilistic
structure induced by these constraints, we aim to clarify the fundamental limits and oppor-

tunities that arise when learning systems operate under realistic informational restrictions.



CHAPTER 2

Non-adaptive Learning of Random Hypergraphs with Queries

This chapter was previously published as Non-adaptive Learning of Random Hypergraphs
with Queries by Bethany Austhof, Lev Reyzin and Erasmo Tani (Austhof et al., [2025)

1. Introduction

The problem of learning graphs through edge-detecting queries has been extensively
studied due to its many applications, ranging from learning pairwise chemical reactions to
genome sequencing problems (Alon and Asodi, 2005; |Alon et al., [2004; Angluin and Chen)
2008; (Grebinski and Kucherov) [1998; Reyzin and Srivastava, [2007). While significant progress
has been made in this area, less is known about efficiently learning hypergraphs, which have
now become the de facto standard to model higher-order network interactions (Battiston
et al., 2020; Benson et al., 2016; Lotito et al., 2022). In this paper, we take another step
toward bridging this gap in the literature.

We study the problem of learning a hypergraph by making hyperedge-detecting queries.
In particular, we focus on the non-adaptive setting (in which every query needs to be sub-
mitted in advance), which is more suited for bioinformatics applications.

A lower bound of Abasi and Nader| (2019)) shows that it is impossible in general to design
algorithms that achieve a query complexity nearly linear in the number of (hyper)edges,
even for graphs. A recent paper by [Li et al.| (2019) shows that this lower bound can be
beaten for graphs that are generated from a known Erd@s-Rényi model. We extend their
results by providing algorithms for learning random hypergraphs that have nearly linear

query complexity in the number of hyperedges.

1.1. Background and Related Work.
12



1. INTRODUCTION 13

From Group Testing to Hypergraph Query Learning. In the standard group testing model
Aldridge et al| (2019); Dorfman| (1943); Du and Hwang (1999), one is given a finite set,
containing an unknown set of faulty elements. The main task of interest is to recover the set

of faulty elements by repeatedly asking questions of the form:
“Does this subset contain at least one faulty element?”

At its core, the problem of learning a hypergraph via hyperedge-detection queries is
a constrained group testing problem. Here, the role of the faulty item is taken by the
hyperedges of an unknown k-uniform hypergraph G supported on a known set of vertices
V. Note that, if one was allowed to ask whether an arbitrary collection S of elements of (Z)
contains a hyperedgeﬂ, then the problem would be entirely analogous to the standard group
testing problem. Instead, we require that the collection of hyperedges queried is of the form
S= (*2) for some subset S C V. Intuitively, the fact that the queries must be specified by a
subset of V', as opposed to a subset of (Z), renders the problem more difficult.

For concreteness, consider the special case in which we are learning a graph by making
edge-detection queries. We may test whether the subset {vy,vq9,v3} of vertices contains at
least one edge, but there is no way to test whether at least one of the edges v,v, and voug is
present in the graph in a single test (without also including vy in the test).

Recent advances in this model focus on algorithms that achieve low decoding time, i.e.
allow to quickly reconstruct the set of faulty elements given the answer to all the queries, and
in this paper, we make use of a result of Cheraghchi and Ribeiro| (2019) within a reduction
used by one of our algorithms.

Learning Hypergraphs. Torney| (1999) was the first to generalize group testing to the
problem of learning hypergraphs via hyperedge-detection queries, a problem he refers to as
testing for positive subsets. The problem has since come under different names including
group testing for complexes (Chodoriwsky and Moural [2015; [Macula et al., 2004) and the
monotone DNF query learning problem (Angluin, [1988; |Gao et al., 2006; Abasi et al., [2014).

1As is customary we use the notation (f) to refer to the collection of all k-element subsets of a set S.
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Angluin and Chen| (2008) show that learning arbitrary (non-uniform) hypergraphs of
rank k& with m hyperedges requires at least (2 ((%”)W 2) queries. The same authors (An-
gluin et al., [2006) showed that an arbitrary k-uniform hypergraph can be learned with high

2% m poly(m,logn)) hyperedge-detection queries. Their

probability by making at most O(
algorithm makes use of O(min{2*(logm + k)?, (logm + k)3}) adaptive rounds. They also
relax the uniformity condition by giving algorithms that perform well when the hypergraph
is nearly uniform.

Abasi et al| (2014)) designed randomized adaptive algorithms for learning arbitrary hy-
pergraphs with hyperedge-detecting queries. They also provide lower bounds for the problem
they consider.

Gao et al. (2006) gave the first explicit non-adaptive algorithm for learning k-uniform
hypergraphs (exactly and with probability one) from hyperedge-detection queries. |Abasi
et al. (2018)) then give non-adaptive algorithms for learning arbitrary hypergraphs of rank
(at most) & in the same setting that run in polynomial time in the optimal query complexity
for their version of the problem. This, in general, may not be polynomial in the size of
the hypergraph. |Abasi (2018) considers the same problem in the presence of errors. In
particular, they focus on a model in which up to an a-fraction of the queries made may
return the incorrect answer.

Balkanski et al.| (2022)) study algorithms for learning restricted classes of hypergraphs.
They give an O(log® n)-adaptive algorithm for learning an arbitrary hypermatching (a hy-
pergraph with maximum degree 1) which makes O(n log® n) hyperedge-detection queries and

returns the correct answer with high probability.

1.2. Our Results. In this paper, we generalize the results of Li et al.| (2019) to Erdds-
Rényi hypergraphs.
In Section [2| we discuss a class of typical instances and use it to derive unconditional

lower bounds on the learning problem. In Section [3| we give an algorithm which solves the

2We note that in general, one must require the hypergraph to be a Sperner hypergraph, i.e. one in which
no hyperedge is a subset of another, since otherwise the learning problem is not identifiable (See, e.g. |Abasi
et al.| (2018)).
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problem with low query complexity and decoding time. In particular, we prove the following:

THEOREM 2. There exists an algorithm (Algom'thm that on input a hyperedge-detection
oracle for an Erdds-Rényi hypergraph, makes O(kmlog? m + k*mlogmlog® n) non-adaptive
queries to the oracle, and outputs the correct answer with probability (1). Here, the probabil-
ity 1s taken over the randomness in both the algorithm and in the hypergraph. The algorithm

requires O(km log® m + k*m logmlog® n) decoding time.

In Section {4, we will go over hypergraph adaptions of popular group testing algorithms.
Specifically, we adapt the COMP, DD and SSS algorithms (see, e.g. |Aldridge et al. (2019)), and
establish that they all output the correct hypergraph with probability (1) with Q(mlogn)
queries, thus achieving a better query complexity than the algorithm in Theorem [2| at the

price of a higher decoding time.

1.3. Preliminaries.

Erdés-Rényi Hypergraphs. A k-uniform hypergraph is a tuple G = (V, E) where V is
a finite set and £ C (‘;) is a collection of k-element subsets of V', called hyperedges. We
refer to the elements of V' as nodes or vertices and denote by n the number |V| of vertices
in G, and by m the number |E| of hyperedges. Whenever the hypergraph G is not clear
from context, we may use m(G) to refer to the number of hyperedges in G. We refer to the
cardinality k& of the hyperedges of G as the rank or the arity of G. While our guarantees
have an explicit dependence on k, we will focus on the regime in which k does not grow with

n,ie. k=0(1).

For any hypergraph G, we define its maximum degree as:
A(G) = ma‘3<|{h € E|veh}.
veE

We will consider hypergraphs generated according to the Erdés-Rényi model G*)(n, q)

in which every k-subset of V' is present with probability q. We denote by m the expected
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number of hyperedges in G under this generative model, i.e.:

()

Note that, under this generative model, m is a random variable, while m, n and k are
deterministic quantities.

Problem Setup. This paper aims to build on the structure of Li et al. (2019)), generalizing
their results to hypergraphs. With that in mind, we briefly go over the setting; learning an
unknown hypergraph generated via the Erdés-Rényi model. We note that after generation,
our hypergraph, GG, remains fixed, and we try to uncover G through a series of queries to an
oracle. Where we ask if a set of vertices contains an edge.

Upon completion of querying, the results create a decoder that forms an estimate of G,
G. The focus of this paper is to find algorithms minimizing the amount of queries, while
maintaining the probability the decoder recovers GG be arbitrarily close to one.

Sparsity Level. As|Li et al.| (2019) limit their results to sparse graphs, we limit the scope
of this paper to the standard notion of sparse hypergraphs in the following sense. We assume
that ¢ = o(1) as n — oo, and throughout this paper we will set ¢ = © (n_k(l_e)) for some 0 €
(0,1), so that the average number of hyperedges m = (Z)q behaves as © (nke). For efficient
decoding results pertaining to Algorithm [I[ we use a stronger notion of sparsity, where a
superlinear number of edges are still allowed, but we further assume that m = o(n%). We
leave the question of tackling less sparse hypergraphs open.

Bernoulli Random Queries. We will often make use of Bernoulli queries, also known as
Bernoulli tests. A Bernoulli query on a hypergraph G = (V| E) is one in which the query is
selected at random, by including each vertex v € V to be queried with a fixed probability
p, independently of all other vertices. Following |Li et al.| (2019), we set p = § ﬁ for
some constant v > 0, and we note that this choice of p gives p* = £(1 + o(1)), since
m = £qn*(1+0(1)). Intuitively, this choice is made to guarantee that the probability of any

given test being positive is not too close to 0 or to 1, thus making each test as informative as
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possible. Given a fixed hypergraph G we will denote by Py the probability that a Bernoulli

test with parameter p as above is positive.

2. Typical Instances

In this section, we identify a set of typical instance arising from the random hypergraph
model. This will allow us to make assumptions about the structure of the specific instance
we are learning. We then use this to derive an information-theoretic lower bound on the

query complexity of non-adaptively learning hypergraphs.

DEFINITION 1 (e-typical Hypergraph Set). For any € > 0, we define the e-typical hyper-
graph set as the set 7 (¢) of hypergraphs G satisfying both of the following conditions:
(1) (1—e)m <m(G) < (1+¢)m,
(2) A(G) < diax,
B)(1—g)(l—e")<Ps<(1+4¢e)(1l—e€).
where:

knf~lq 6>

I =

dmax -

logn 0 <

I =

We now show that, for any € > 0, Pr[G € T'(¢)] — 1 as n — oo, where the probability is
taken over the random choice of G from G*)(n, q). This key result is a hypergraph analogue

of a similar result appearing in the paper of [Li et al.| (2019).
LEMMA 3. For any € > 0, we have:
Pr[GeT(e)] — 1
as n — oo.

PROOF. We begin by noting that the set 7 (¢) can be written as T (¢) = TW (e)NT@ ()N
T®)(e), where:

TO ={G:(1-¢)m < m(G)

IN

(14+¢e)m}
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TP = {G: A(G) < dmax}

TO = {G:(1-e)(1-e")<Ps<(l+e)(1-e)}

It is then sufficient to show that Pr[G € T®] — 1 for every i = 1,2, 3.

Since m(G) follows a binomial distribution with parameters (

n

k) and ¢, we have:

Pri(l—e)m <m(G) < (1+¢e)m] — 1

as (}) — oo. This yields Pr[G € TW] — 1.

We now establish that Pr[G € T®] — 1:

(1)

Ifo > %, then the combinatorial degree of each vertex follows a binomial distribution

n—1

"~ )a = O(n°) for some ¢ > 0. We can then follow the work [Li et al.

with mean (
(2019), using the Chernoff bound to show the probability of any degree exceeding
kn*~1q goes to zero.

Ifo< %, we note that we need only consider the case 6 = %, as this is when the
probability for exceeding log n degree is highest. Here, we have that the combinato-
rial degree for a vertex follows a binomial distribution with (Zj) trials and success
probability ©(—), so the mean is ©(1). From here we can once again follow the

argument of |Li et al| (2019), using the standard Chernoff bound to show that the

probability of any vertex exceeding logn degree vanishes.

The last and most intensive argument is to establish 7 (g). However, the hypergraph

extension of this result is straightforward, we simply adapt the proof in the paper of Li et al.

(2019), making note that the constant, two, used in the graph case becomes k in our new

hypergraph setting. U

A simple consequence of Lemma [3]is that the algorithm-independent lower bound for the

number of tests needed to obtain asymptotically vanishing probability provided in |Li et al.

(2019) holds for general hypergraphs.
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THEOREM 4. Under the typical instance setting discussed above, with ¢ = o(1) and an
arbitrary non-adaptive test design, to have vanishing error probability we must have at least

<m log, %) (1 —n) queries, for arbitrarily small n > 0.

PROOF. We have the following entropy inequality from |Li et al.| (2019):

H(G| A= true) — I(G;G | A= true ) — log?2
log |G Al

P. > PlA]

where P, is the probability of outputting the incorrect graph, A is the event that a graph
satisfies condition one of the e-typical hypergraph set and G4 is the set of graphs such that

(1 —e)m <m < m(l+¢). From the typicality conditions we have:

o PlA] = 1-o(1)
o log |G| = (}) Ha(q)(1 +o(1))
o H(G| A= true) = (})Ha(q)(1 + o(1)), where Ha(q) = qlog } + (1 — g)log 11 is

the binary entropy function.
We also have from |Li et al.| (2019):

o I(G:G | A=true ) < I(G;Y | A= true ) < tlog2, where t represents the total

amount of queries.

Together, yielding:

tlog 2
Pe Z (1 - m) (1 +O(1))

In our setting, ¢ — 0, thus Hs(q) = (q log %) (14 0(1)), and hence

P> (1 - tlo_gz) (14 o(1)).

1 1
zqn*log .

Since m = +qn*(1+ 0(1)), we conclude that to have vanishing error probability we must

have at least (m log, %) (1 —n) queries, for arbitrarily small n > 0.
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3. The HYPERGRAPH-GROTESQUE Algorithm

In this section we give a sublinear-time decoding algorithm for the problem of learn-
ing hypergraphs with hyperedge detection queries. As in the previous sections, we assume
that the hypergraph is sampled according to the Erdgs-Rényi model, and the probabilistic
guarantees of the algorithm will depend on the randomness in both the algorithm and the
hypergraph generative process.

We prove the main theorem:

THEOREM 2. There exists an algorithm (Algom'thm that on input a hyperedge-detection
oracle for an Erdds-Rényi hypergraph, makes O(kmlog? m + k*mlogmlog® n) non-adaptive
queries to the oracle, and outputs the correct answer with probability Q1(1). Here, the probabil-
ity 1s taken over the randomness in both the algorithm and in the hypergraph. The algorithm

requires O(km log® m + k*m logmlog® n) decoding time.

Algorithm 1 HYPERGRAPH-GROTESQUE
Input: A hyperedge-detection oracle for a hypergraph G.

Output: A hypergraph G = (V, E)

Let b = ©(mlogm) be given as in Section
Form bundles By, ..., B, by independently including each vertex v in each bundle B; with

7. _ 1
probability r;,. = o

Let 0* <+ O(=2=)

mlog m

Initialize £ = .
fori=1,...,bdo
if Multiplicity _Test(B;, ") returns 1 then
Perform a location test (Section on B;, and add the resulting hyperedge h to
E.
end if
end for

~

Return G = (V, E)
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Algorithm 2 Multiplicity Test

Input: A bundle B C V, an error probability 0.
Output: An outcome in {0, 1} indicating whether B contains a single hyperedge.

Let M = (1 — éé)
Perform t,,,,; = 21og(2/8)/M? edge detection queries on B chosen according to a Bernoulli
design with parameter r,,,; = 1//e. Let p be the fraction of queries that return a positive
outcome (i.e. the ones for which the set being queried contains a full hyperedge).
if pe(0,1/e+ M/2) then

Return 1

else

Return 0
end if

Similarly to the algorithm of [Li et al.| (2019)), our algorithm is inspired by the GROTESQUE

procedure first introduced by |Cai et al. (2017). In particular, the algorithm is structured

according to the following high-level framework:

(1)

In the first step, the algorithm produces random sets of vertices (bundles), obtained
by including each vertex in each set independently with a fixed probability. This
step is successful if each hyperedge is the unique hyperedge in at least one of the
bundles. By a coupon-collector argument, one can bound from below the probability
of this step succeeding when the number of bundles is sufficiently large (Section [3.1).
Then, the algorithm performs multiplicity tests on each of the sets to identify the
ones that contain a unique hyperedge. This works by estimating the probability
of a Bernoulli test detecting a hyperedge within a bundle B, and then using this
estimate to determine whether the bundle really contains a single hyperedge. This
step is successful if every multiplicity test correctly identifies whether a bundle
contains a single hyperedge. By applying standard sampling results, it can be shown
that, if sufficiently many Bernoulli tests are made, this step is successful with high
probability (Section |3.2]).

Finally, the algorithm performs a location test on the sets that passed the mul-
tiplicity test, which identifies the unique hyperedge the set contains. This step is

successful if every location test correctly identifies the unique hyperedge in a bundle.
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We show that this step can be performed by leveraging a reduction to the standard
group testing problem (Section [3.3)).

It is not hard to see that if all three steps are successful, one can reconstruct the hyper-
graph G correctly from the result of the queries.

We note that, while the procedure above is described sequentially, all of the tests needed
to carry it out can be performed non-adaptively.

We will now analyze each step in detail. After that, we complete the proof of Theorem

3.1. Bundles of Tests. Recall that Algorithm |1 forms a number b = O(mlogm) of
bundles of vertices, where each node is placed independently in each bundle with probability
Tine i= 1/%/2m.

We say a hyperedge is fully contained in a bundle B if all of the vertices in the hyperedge
have been placed in B. Intuitively, the random process of forming the bundles is successful
if, for every hyperedge h, there exists a bundle B; such that h is the unique hyperedge that

is fully contained in B;. We prove the following lemma:

LEMMA 5. Let G be any k-uniform hypergraph. Suppose that the vertices of G are placed
into bundles according to the procedure described in Algorithm [1 For any fizved hyperedge
h € G and any fized bundle B;, let &, ; be the event that h is the only hyperedge fully contained
wm B;. Then:

Pr&n.] > (1 — Tinck A(G) — m(G)rk) rk

mnc*

PROOF. We consider three events Ay, A; and Ay defined as follows:

e Ay is the event that the hyperedge h is fully contained in B;,

e A, is the event that there exists some hyperedge I’ # h satisfying /' N h # () that is
fully contained in B;,

e A, is the event that there exists some hyperedge h' satisfying i’ Nh = () that is fully

contained within B;.
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By definition, we have &,;, = Ag N A; N A,. Note that:

Pr[Ay] = ¥

while by the union bound, we have:

PI“[Al | AO] < Z Tine < rinckA(G)7
h'e E\{h}
h'Nh£D

and:

Prdy | Ag) = Pr[dy] < > rh. = m(G)r}

inc*
heE
A Nh=0

We then have:

Pl"[gh,i] = PI‘[AO M Al M 1212] = Pr[Al N AQ | AO] PI[A(]}
= (1 — PI‘[Al U AQ | AOD Tfnc
Z (1 — PI'[Al | AO] - Pr[A2 | AO])Tfnc

nc*

= (1 — Tinck A(G) — m(G)rk) rh

This in turn gives the following result.

LEMMA 6. When the HYPERGRAPH-GROTESQUE algorithm is run on a hypergraph G sam-
pled according to an Erdds-Rényi model for sufficiently large values of n, the probability that

every hyperedge h is the unique hyperedge in some bundle of tests satisfies:

Pri(UJé&n|=1-4

heE ie[b]

PROOF. Let m = m(G). For every fixed h and i, by Lemma

Pri&..] > (1 — Tinck A(G) — mrk )k

inc) Tz'nc
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Em 1\ 1
= 1— Tine—— — = | =—
n 2) 2m

L1401, (1)

4m

where we are using the fact that n = w(m'~*). Hence:

QU= [Una:

heE ieb heE ie(b)

Sudiity

heE i€[b]

—ZHPr 5;”

heE i€[b

<ZH (1—— +o(1))>

heE ielb

—m (1 - ﬁu 4 0(1)))b

(140(1))

Y

< me 4m

where we first applied De Morgan’s law, then the union bound, then the fact that for every
h the random variables {&},;}icp are mutually independent, then Equation . The result

then follows. O

3.2. Multiplicity Test. We now discuss the guarantees of the multiplicity test.
DEFINITION 2. Given a set B C V', a (7, b )-multiplicity test for B is a collection of
tmw tests on the elements of B chosen according to a Bernoulli design with parameter 7,,,;.

The test returns 1 if the fraction of positive tests suggests that a single hyperedge is present

in the bundle and 0 otherwise.
In order to analyze the multiplicity test (Algorithm , we use the following lemma.

LEMMA 7. Suppose that a set B C V' contains multiple hyperedges. Let S be a subset

chosen according to a Bernoulli design with parameter 1/¥/e (i.e. by including each v € B
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into S independently with probability 1//e). Then the probability that S contains a full

hyperedge is at least: 2/e — 1/eF+1/k,

PROOF. By assumption, the set B contains at least two distinct hyperedges. Fix two

distinct hyperedges h and h'. Then let:

e D be the event that the set S contains a full hyperedge B,

Dy, be the event that S contains h, i.e. h C .5

Dy be the event that S contains b/, i.e. b’ C S,

Dy be the event that S satisfies (hNA") C S,

a be the cardinality of the intersection of h and //, i.e. a := |hN}|. Note that a is

some integer between 0 and k — 1.

Since each element of B is included in S independently, the events D, and D are condi-

tionally independent given Dy~ We then have:
PI‘[D] Z Pl"[Dh U Dh/] == PI‘[Dh U Dh/ | Dhﬂh’] Pl"[Dhmh/]
= (1 —Pr[Dy, N Dy | D) Pr[ D]

R R 1 \*
— PI'[Dh ’ Dhﬂh/] . Pr[Dh/ ‘ Dhﬁh’]) (—)

( | v
RECRIE)

as needed. O

This then yields the following guarantee on correctness:

LEMMA 8. Suppose we run a multiplicity test on a bundle B with error probability pa-

rameter 6. Then:

(1) if B contains no hyperedge, the answer is always 0,

(2) if B contains a single hyperedge, the test returns 1 with probability at least 1 — 0,
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(3) and if B contains more than one hyperedge, the test returns 0 with probability at

least 1 — 9.

PROOF. If the bundle contains no hyperedge, then the fraction of positive tests will be
zero and the algorithm will return 0 every time. Otherwise, Let Ry, R be the events that the
multiplicity test returns 0 and 1 respectively. If the bundle contains a single hyperedge, the
probability that any given edge-detection test returns 1is psinge = (e7%)% = e~'. Applying

Lemma [, we obtain:

1

M
Pr[Rl] > Pr |:ﬁ - _‘ < 7:| >1- 26_tm“’lM2/2 =1-0.
(&

On the other hand, if the bundle contains at least two hyperedges, by Lemma [7] the

probability ppuiipie that any individual test detects a hyperedge satisfies:

S 2 1
Prmaultiple = g - —e(kJrl)/k' (2)

Hence, in this case:
Pr[RO] > Pr Hﬁ - pmultiplel < M] < e_tmulMQ/Q =1-4.

as needed. O

We also obtain the following guarantee on the efficiency of the multiplicity tests:

LEMMA 9. The number of queries made by a multiplicity test with error parameter 0 is

at most €3k log %7 and the decoding time for each multiplicity test is O(klog %)

PROOF. The number of queries made is:

2, ek 2
tmuw = 2log 562 Vi1 < egklog 5

The decoding time is proportional to the number of queries. 0
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FIGURE 1. The structure of the reduction in the proof of Lemma Here,
the algorithm B is given access to a hyperedge-detection oracle. B simulates
algorithm A and converts A’s queries into hyperedge detection queries.

3.3. Location Test via Reduction to Group Testing. Once the algorithm has per-
formed all the multiplicity tests, it runs location tests on the bundles that passed the multi-
plicity tests. Executing a location test on a bundle that contains a single hyperedge h allows
the algorithm to discover h and add it to the estimate hypergraph H.

We obtain a location test by highlighting an equivalence between the problem of learning
a single hyperedge of arity k using a hyperedge-detection oracle, and that of group testing

with k defective items.

LEMMA 10. Any algorithm for the group testing problem with k faulty items yields an
algorithm for the problem of learning a hypergraph known to have a single hyperedge of arity
k by making edge-detection queries. Conversely, any algorithm for the latter problem yields
an algorithm for the former. These reductions preserve query complexity, error probability,

and decoding time.

PROOF. Consider the following reduction from the latter problem to the former. Suppose
A is an algorithm that solves the group testing problem: i.e. given a finite set V' which
contains a subset K of defective items, A submits queries of the form S C V to an oracle
that determines whether SN K # (), and based on the answer to those queries, it recovers

K.
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Now, consider the problem of learning a cardinality-k hyperedge h on V by making
hyperedge-detection queries. We design an algorithm B for the latter problem as follows: B
simulates A and whenever A submits a query S C V, B instead submits the query S to the
hyperedge-detection oracle, and then returns to A the opposite (1 — r) of the answer r it
receives. When A terminates, outputting a set S*, B outputs the same set.

For each query S made by A the value of 1 — r is equal to 1 if and only if the set S
contains at least one element of the hidden hyperedge h. Hence, from the perspective of A,
B is implementing a group testing oracle for an instance in which K = h. In particular, if A
correctly solves the group testing problem, the output S* of B is equal to h.

It is easy to see that an analogous reduction can be used to reduce from the group
testing problem to that of learning a single hyperedge, and hence the two problems are

entirely equivalent. O

Note that this reduction preserves query complexity, adaptivity, and runtime guarantees.
The group testing problem is well-studied in the literature and in particular the following

result is known.

THEOREM 11 (Paraphrasing Theorem 11 from |Cheraghchi and Ribeiro| (2019)). Consider
the standard group testing problem on n element with k defective elements. There exists a(n
explicitly constructable) collection of O(k*log®n) group tests and an algorithm A which,

given the results of the tests as input, oulputs the set of defective items in O(k3log®n) time.

The result of Cheraghchi and Ribeiro is based on a construction of linear codes with fast
decoding time described in the same paper.

By Lemma the above result implies:

COROLLARY 12. Consider the problem of learning a hypergraph known to consist of a
single hyperedge of arity k by non-adaptively making queries to a hyperedge-detection oracle.
There exists an algorithm for this problem which makes O(k*log®n) queries and requires

decoding time O(k*log®n).
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The algorithm guaranteed by Corollary [12]is simply the group testing algorithm of |Cher-
aghchi and Ribeiro| (2019) run through the reduction used in the proof of Lemma [10}

3.4. Proof of Theorem [2.

Proof of Theorem 2. By Lemma [6] if we create b = ©(mlogm) bundles of vertices,
and assign each vertex to a bundle at random with probability r;,. = 1/+/2m, every hyper-

edge is the unique hyperedge in some bundle with constant probability.

The algorithm then runs a multiplicity test with error probability 6* = © <m1§gm> on
every bundle. By Lemma |§] and the union bound, there is a constant probability that every
multiplicity test succeeds.

By Lemma [9] this requires O(klogm) queries and O(klogm) decoding time for every
bundle, which amounts to a total of O(kmlog?m) queries and decoding time to establish

which bundles contain a single hyperedge. We then need to run mlog m location testdf]7 each

of which requires O(k?log®n) queries and O(k®log®n) decoding time. The total then equals:
O(kmlog? m + k*mlogmlog®n))

queries and:

O(kmlog® m + k*mlogmlog®n))

decoding time as needed (Recall that m = ©(m) with probability that tends to 1 as n —
00). O

While the results above are stated with success probability §2(1), this is not a fun-
damental limitation of our algorithms. The success probability of Algorithm [I] can be

boosted to 1 — § for any 6 > 0 by adjusting the algorithm’s parameters. Concretely,

3Note that prior to running a location test on a bundle B, the algorithm can check whether B contains a
previously discovered hyperedge h. If that is the case (i.e. if h € B), then B could be ignored, and the
algorithm would not run a location test on it. This allows one to guarantee that in a successful run of
the algorithm, no more than m location tests are run. However performing this check comes at an extra
computational cost, and it is not clear that it can be carried out efficiently. In the paper of |Li et al.| (2019)
the authors do not discuss this issue and rather just assume that one is able to run at most m location tests
through the run of the algorithm. By doing this, they remove the factor of logm from the second term in
the above bound
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Lemma [f|holds for arbitrary §, requiring b = ©(m log(m/d)) bundles rather than ©(mlogm).
Running a multiplicity test with error parameter ¢* = O(d/(mlog(m/J))) on each bun-
dle and union bounding gives overall failure probability at most ¢ from the multiplic-
ity tests. Tracing through Lemmas [0] and [9] the total query complexity becomes
O(kmlog*(m/§) + k*mlog(m/6)log®n). In particular, setting § = 1/poly(im) yields high
probability guarantees with no asymptotic overhead, since log(m/d) = O(logm) in this case
and the query complexity reduces to O(kmlog®m + k*mlogmlog®n), matching the orig-
inal bound. An analogous argument applies to the COMP, DD, and SSS algorithms, where

increasing ¢ by an O(log(1/0)) factor drives the failure probability to 4.

4. Other Algorithmic Results

This section presents hypergraph analogues of popular group testing algorithms, build-
ing upon the results given by |Li et al.| (2019)) in the context of graphs. We also provide
formal guarantees on the query complexity and success probability of the algorithms we
describe, showing that these algorithms have a better query complexity (O(kmlogn)) than
Algorithm [I| (at the price of longer decoding time).

The three algorithms we adapt are “Combinatorial Orthogonal Matching Pursuit” COMP,
“Definite Defectives” DD, and “Smallest Satisfying Set” SSS. The COMP algorithm for group
testing simply rules out all of the elements that have appeared in any negative tests and
returns the remaining elements. The DD algorithm, first rules out all elements that appear in
any negative test, then outputs all the elements that must be defective out of the remaining
elements. SSS simply returns a satisfying assignment of minimum cardinality. We refer the
reader to the survey of Aldridge et al.| (2019) for a review of how these algorithms are used
in group testing.

All three of these algorithms produce an estimate G of the hypergraph G based on the
result of a single batch of Bernoulli queries. In particular, we will assume that each algorithm
takes as input a collection {X (i)}z’e[t] of hyperedge-detection queries, where each X C V is

chosen according to a Bernoulli design with parameter p = {/ % (for some v to be defined).
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We also assume the algorithms have access to the results {Y(i)}ie[t] of the queries, where:

0 1 if there exists h € H s.t. h C X
Yo =

0 otherwise.
Since the algorithms themselves are deterministic, all of the probabilistic guarantees are
based on the randomness in both the choice of Bernoulli queries and the hypergraph gener-
ation process.
The COMP Algorithm. The first algorithm we examine is COMP (Algorithm [3). The key
observation behind this algorithm is the following: no collections h of k vertices can be a
hyperedge in G if all the vertices in h appear in some query X @ with Y = 0. The algorithm

then simply assumes each hyperedge h is present in G unless it satisfies this condition.

Algorithm 3 COMP
Input: A hyperedge-detection oracle for a hypergraph G, t hyperedge-detection queries
{X® .., X®}, and the results {Y(V) ... Y®1 of the queries.
Output: A hypergraph G = (V, E)
Initialize E to contain all (1) edges
for each ¢ such that Y(Q =0do
Remove all A from E satisfying h € X®

end for _ R
return G = (V, F)

We obtain the following guarantees on the performance of COMP.

THEOREM 13. If COMP is given as input an unknown hypergraph G sampled from G*)(n, q)
that is in the typical instance setting, where we have ¢ = © (nkw*l)) for some 6 € (0,1),
as well as at least t = ke - mlogn Bernoulli queries with parameter v = 1, then il outputs

G = G with probability Q(1).

PROOF. We will adapt the proof of [Li et al. (2019)) of the analogous theorem for graphs.
We note that conditioning on the random graph being in the typical set of graphs with
high probability, we need only show that using the above stated amount of tests yields error

probability approaching zero. So we examine the probability of failing to identify a non-edge,
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say (i1,...,1;) € F, in the hypergraph setting this probability changes slightly. Recall, that

there are two ways a test could fail to identify a non-edge:

(1) at least one vertex in (iy,...,4) isn’t present in the test
(2) (i1,...,4) is contained in the test, but another edge of G, our hypergraph, is also

present in the test.
This results in the probability of failing to identify (i, ...,ix) as a non-edge as
Pne = (1 _pk) +kaG[{Zla s 7Zk} g ‘C]v

where we recall that £ is the set of nodes in the test and p is the probability of inclusion
in the test, and Pg[{i1,...,ix} C L] is the probability of a positive Bernoulli test, given

{i1,...,ix} is included in the test. If we are to have a positive test, we have either

(1) An edge e = (ey,...e) € E such that e N (iy,...,i) # 0,

(2) An edge e = (ey,...€) € E such that e N (iy,...,i) =0,
included in the test. In case 1, we can examine the situation |e N (i1,...,7)| = 1, noting
that if we examine all possible neighbors, the rest of (i, ..., i) is included in that set.

PG[{Zh’Zk}g‘C} SP[@Q(’ll”Zk):l ‘ {2177Zk}g£]+P[€m(217Jlk):@’{zh
< p"URA(G) + Pg

In the first term, there are at most k choices of vertices to intersect with, then A(G)
possible edges containing that vertex. Since the second event is independent of conditioning
on {i1,...,ix} € L, we get that the probability is just Ps. We assumed our graph is in the
typical set so we can substitute in Pg = (1 — ¢¥) (1 + 0(1)), we also have that A(G)kp*~! =
o(1), so our probabilities in the hypergraph case align with those in Li et al.| (2019). We note
that in the hypergraph case our bound changes slightly over union-bounding over a possible
(Z) non-edges, resulting in

P[ error | < nke—em (1+o(1))

ANy
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After re-arranging we have that P[ error | — 0 as long as
t > kemlogn(1l+n)

for arbitrarily small > 0. Since m = m(1 4 o(1)) for all typical graphs, and the

probability that G is typical tends to one, we obtain the condition in our statement. ([l

The DD Algorithm. COMP’s method of assuming edges are present until proven otherwise
may be rather inefficient since we are looking for a sparse graph The DD algorithm reverses
this assumption and starts with all edges as non-edges, making use of COMP to preclude

non-edges.

Algorithm 4 DD

Input: A hyperedge-detection oracle for a hypergraph G, t sets of vertices,
(XM, X®Y to be queried, with oracle given binary responses, {Y () .. . Y ®},
Output: A hypergraph G= (V, E)
Initialize F = (), and initialize a potential edge set, PE, to contain all (Z) edges
for each i such that Y =0 do

Remove all edges from PE whose nodes are all in X @
end for
for each i such that Y® =1 do R

If the nodes from X cover exactly one edge in PE, add that edge to £
end for _ R
return G = (V. E).

PROOF. We again adapt the proof in[Li et al. (2019) of an analogous theorem for graphs.
Once again, we have a hypergraph in the typical set, so we need only show that with the
stated number of queries our error probability goes to zero.

There are two steps to the DD algorithm, the first in which we find a set of 'potential’
edges, this set could include non-edges. Then the second where we find the set of edges from
our set of potential edges. The argument examines how large ¢, the number of queries, must
be for each of these events to occur with high probability. We adapt slightly the two events

in the first step of the proof in Li et al. (2019).

e Hj is the total number of non-edges in the potential edge set, PE
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e H, is the number of non-edges in PE such that at least one of its vertices form a

part of at least one true edge.

We have that the amount of non-edges must be less than n*, and then utilizing the probability

of failing to identify a non-edge recorded in the COMP algorithm proof above, we have
E [HO] < nkefﬁ(l+o(l)).

The amount of non-edges sharing a vertex with an edge is upper-bounded by mkn*~!, but

k

still must be less than n”, so we have

E [H1] < min {mkn"~',n*} o~ (1+0(1))
Applying Markov’s inequality, we have for any § > 0 and & > 0 that

P [HO > nka] < nk(l—éo)e—ﬁ(uou)) (3)

P [Hl > leél] < min {mknkil,nk} k1 o= o (1+0(1)). (4)

After re-arranging we find that these two probabilities go to zero as n — oo as long as

t = (k(1=&)emlogn) (1+n),

k(1—&) F<fi<1
t > (14 n)emlogn x
k(1+6-6)-1 0<6<+

for arbitrarily small n > 0. The first case uses the n* term in the min{-} term in |4, The
second case uses the mkd term in the min{-} term and that m = ©(n*”) and when 6 > 1,
dinae < knF~Lqg = kn*1, the last case we look at when theta < 1, 80 dpee = O(logn).

We show that Hy = o(m) and H; = o(y/m) (with high probability). By setting &, to be
arbitrarily close to (but still less than) 6, and similarly & arbitrarily close to 6/2, the above
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requirements simplify to
t > (k(1—60)emlogn)(1+n),

k— k)2
t > (1+mn)emlogn x

k+k0/2—1 0<6<
for arbitrarily small n > 0.

The second step of the algorithm can be shown to succeed as long as
t > (kfemlogn)(1 + n)

for arbitrarily small » > 0. This follows directly from the proof of the second step written

by |Li et al.| (2019).

THEOREM 14. If we have an unknown FErdds-Rényt hypergraph that is in the typical
instance setting, where we have ¢ = © (nk(e_l)) for some 6 € (0,1), and Bernoulli testing
with parameter v = 1, then with at least kmax{0,1 — 0,1 —0/2,1+6/2 — 1/k}e - mlogn

non-adaptive queries DD oulputs the correct answer with probability Q(1).

The SSS Algorithm. The SSS algorithm works by finding the smallest set of edges such
that the output is consistent with the Bernoulli test results, i.e. {Y®},cyy. Since SSS
searches for the minimal satisfying graph, it gives a lower bound to the size of the output of

any Bernoulli-queries-based decoding algorithm.

Algorithm 5 SSS
Input: A hyperedge-detection oracle for a hypergraph G, t sets of vertices,
{XM, .., X®}, to be queried, with oracle given binary responses, {Y(V) ... | Y®}
Output: A hypergraph G = (V, E)
Find E such that |E| is minimized while satisfying {Y®, ..., Y(®}
return G = (V, E).
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THEOREM 15. If we have an unknown Erdds-Rényi hypergraph that is in the typical
instance setting, where we have ¢ = © (nk(e_l)) for some 6 € (0,1), and Bernoulli testing
with an arbitrary choice of v > 0, then with at least kfe - mlogn non-adaptive queries the

$SS algorithm outputs the correct answer with probability 2(1).

PROOF. The proof of the SSS algorithm bound in the hypergraph case follows extremely
closely to the graph case, where the main difference is simply replacing the number of vertices
with general arity term k. We will just verify assumptions hold that are slightly altered in our
setup. In the hypergraph case, event A; is just the event that another hyperedge intersects

with the hyperedge we're seeking to find, say (i1, ...1%x), and masking it. Therefore,
P [Agil""ik) | {ir,.. iy} C g] < A(G)(1 + p)*

and defines & = A(G)(1 + p)*. We recall that the converse bound we are trying to prove is
t = Q(mlogn), so we can assume without loss of generality that ¢ = ©(mlogn), as additional

tests only improve the SSS algorithm. From |Li et al.| (2019) we can assume without loss of

generality that p* = © (%), since if p* behaves as 0( ) or w ( 1) then the probability of

1
m m
a positive test tends to 0 or 1 as n — oo, and it follows from a standard entropy-based

argument that w(mlogn) tests are needed. We claim that these conditions imply that

e—2t(p’“€+0(p2’“))

—1
€2tpkf'

We note that ¢ still behaves as O (n™¢) for sufficiently small ¢. We also note that we
have the same behavior for € = (1+kA(G))p*. This is seen by noting that tp* = ©(logn) by
the above-mentioned behavior of ¢ and p*. This behavior fall inline with the O (tp%) term
by the above-mentioned behavior of t and p*, and is seen to also hold for ¢ and ¢ by noting
that A(G)p" ! =0© (%), along with A(G) = O(max{logn,n*"1q}), m = ©(n*q), and

the behavior of ¢. Thus, nothing of consequence changes when generalizing to hypergraphs.

O
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5. Open Problems

The main open problem remains to improve the sparsity level of the low decoding time
hypergraph learning HYPERGRAPH-GROTESQUE or to show that the sparsity assumption is
necessary. Another direction is to improve its decoding time, which seems very likely to at

least be possible with respect to logarithmic factors.



CHAPTER 3

Optimizing Recalculation Schedules to Minimize Regret

This chapter was previously published as Optimizing Recalculation Schedules to Minimize

Regret by Bethany Austhof and Lev Reyzin (Austhof and Reyzin| |2024))

1. Introduction to Online Regret Schedules

In many online settings, one faces the problem on when to recalculate a given solution
based on new data. This phenomenon occurs in various settings by different names: in the
bandit framework, “sticky" decisions prevent the learner from switching arms without paying
a cost Dekel et al.| (2014)); |Kash et al.| (2022); Machado et al. (2018), in the online clustering
setting every time one switchs solutions, one may need to pay for new centers [Bhattacharjee
et al|(2023); Bhattacharjee and Moshkovitz (2021); Hess et al.| (2021); Moshkovitz (2021),
in facility location, adding a new facility adds cost [Fotakis| (2008]); Meyerson| (2001)).

The specific details of different problems require the analysis of their respective structures
and often have their own involved solutions. Here, we attempt to take a broader view, and
we adopt the learning language of additive regret (instead of “competitive ratios,” etc. from
the streaming literature, though the results apply just as well there).

We assume we have a black-box algorithm A4 that produces an estimator with ex-
pected per-round regret of R;(x) € [0,1] on a new data-point x when given samples
S; = {z1...2;} and when point x is drawn from the same distribution as xy,...x;, which
we will generically refer to as D. Given the assumption above, we will drop the argument
from the function R. We also define Ry = 1, which means that until samples are given to
A, full regret is suffered by its (lack of) solution.

We call giving samples {z1,...2:} to A a recalculation at round ¢. We work in the

setting where calls to A are expensive and need to be traded off against the benefits to

38



1. INTRODUCTION TO ONLINE REGRET SCHEDULES 39
improving regret. A call to A involves recalculating, and possibly committing to, a new
solution to a given problem. For example, in the case of facility location, it involves the
costly opening of new facilities (or the moving of old ones).

Hence, we are interested in understanding the optimal recalculation strategy as minimize
cumulative regret for various budgets on calls to A. Given a strategy that recalculates
at rounds C' = {t;,ts,...}, where each t; represents a sequential point drawn from the
distribution, the expected cumulative regret R’ would be

T
R = max Ry (5)

teC s.t. t<i
=1

In this paper, we will consider per-round regret guarantees of the form ¢
Ry = O(1/t°), (6)

which is known to be the asymptotically optimal regret for many problems in bandit and
online learning in the stochastic setting Auer et al.| (2002)). Rephrasing this in our terminol-
ogy, we have that for the recalculation schedule C' = {1,...,T}, the expected cumulative

regret for 0 <e < 1

T T
T=Y Rii= (Z;) =0(T'™),
t=1 t=1
So even when recalculating at every round, a regret guarantee smaller than O (T'¢) is not
possible, and we therefore call this rate optimal. This is the quantity we will compare to
while attempting to do many fewer recalculations.
To simplify notation further, we will henceforth use R for expected regret. Therefore, all
of our results will be on bounding regret in expectation.
Before proceeding, we note that another interesting setting ¢ = 1 for R; = O(1/t), which

is, for example, relevant for problems of estimation of parameters to minimize mean squared

error (MSE), where the squared error of the empirical average of ¢ samples versus the true
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estimate scales as 02/t [DeGroot| (1986)). Here, we would have

RT =0 (Z %) = O(log T).

t=1

2. Warm up

We begin by analyzing the special case of R, = 1/4/t The argument in the previous
section shows that the optimum regret in this situation is O(v/T). However, this was the
setting in which we recalculated every time we drew a point, which in the online setting isn’t
always practicable. Thus, inducing a trade-off between the amount of times we recalculate

and the regret formed in our calculation.

PROPOSITION 16. Let D be a probability distribution from which T data points are sam-

pled online and let Ry = O(1/+/t). Using one recalculation, one can achieve an expected

regret of O(T?/3).

PRrROOF. We first begin by calculating the optimal expected regret of calculating the
algorithm just once. Let ¢ be a constant such that 0 < ¢ < 1. We have that the expected

regret must be:

T° T
> Rot+ Y Rpe=0(T+T7).
t=1

t=Te+1
We note that this is just a simple optimization of the right hand side, so we equate the
exponents and get ¢ = 2/3. This recovers the well-known bound of e-first, (e-greedy, and
epoch-greedy) sampling [Langford and Zhang (2007)); Sutton and Barto| (2018); Tran-Thanh
et al.| (2010). O

3. Uniform recalculations

One naive idea is to create a sampling schedule that solves our problem is to sample
uniformly, so after observing a set ¢ amount of points we sample again and continue in this
manner. However, we find this to at best require O(7¢) recalculations to get asymptotically

optimum regret.
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LEMMA 17. Let D be a probability distribution from which T data points are sampled
online and let Ry = O(1/t%) for 0 < e < 1. If we recalculate uniformly after observing

every ¢ points (and therefore recalculate T/0 times), then we incur an expected regret o
yep ’ 4 g

OWU+T9).

PROOF. We calculate the expected regret for recalculating after every ¢ points, we carry

out the calculation by using the general formula for a uniform schedule.

T/C ¢ T/E ¢ 1
I)ILISENEY by) pp
i=0 t=1 i=1 t=1 (i)
T/
61 €
=(+0 .
ZE
=1
=0 ((+T"°),
which completes the proof. O O

We note briefly, that this proof holds in the ¢ = 1 case, we just get the result R =
Ol + log(T)).

As the lemma above shows, a constant number of recalculations would imply linearly
many recalculations between rounds and therefore linear regret. Therefore, we need a smarter
recalculation strategy if we want to recalculate only a constant number of times. This is
presented in the following section.

We see in the previous section that uniform recalculation scheduling fails to guarantee
small expected regret with a small number of recalculations. So we pivot to non-uniform

schedules. Taking, first, a look at what we can do with a constant number of recalculations.

4. Constant number of recalculations

We now consider the case when we are allowed a constant number of recalculations, but

they need not be uniformly spaced.
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PROPOSITION 18. Let D be a probability distribution from which T data points are sam-
pled online and let Ry = O(1/t°) for 0 < e < 1. Using one recalculation, one can achieve an

expected cumulative regret of

RT = O (TV/0+9)

PROOF. Consider recalculating after 7° rounds for ¢ = . We suffer O (/1))

cumulative regret on those rounds. For the remaining 7'— 7 < T rounds, we suffer at most

O (T/Tce) =0 (Tl—ca)
=0 (Tl—a/(1+a))

-0 (Tl/(l+5))

regret. U U

PROPOSITION 19. Let D be a probability distribution from which T data points are sam-
pled online and let Ry = O(1/t%) for 0 < e < 1. Using two recalculations, one can achieve

an expected cumulative regret of
RT — 0O (Tl/(1+5+52)> ‘

PRrROOF. Consider recalculating after 7' and T* for 0 < ¢; < ¢ < 1. Extending the
argument in Lemma we incur a total regret of RT < T 4 Te2=<1¢ 4 T1=2¢ Equalizing

the three terms we get the equations
1 =cy—ceand ¢ =1 — coe.

Solving the above yields ¢; = ﬁ and yields an expected cumulative regret of O(T).

U U

THEOREM 20. Let D be a probability distribution from which T data points are sampled

online and let Ry = O(1/t%) for 0 < e < 1. Using n recalculations, one can achieve an
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expected cumulative regret of

RT =0 (nTlfls;"E“> )

PROOF. Generalizing from the above, we divide into n recalculations and bound R? <
Sl TeeiaE setting ¢ = 0 and ¢, = 1.

We argue that solving for the system of equations leads to the following recursive formula:

1.
. 2igE
C =Cir1 ;7

Do €
We proceed inductively, we first see that ¢; = ¢y — ecy, which gets us ¢; = (1 + &)™}, as

desired. Moving on, we assume this holds for ¢;_; and solve for ¢;.
Cj —&Cj—1 = Cj41 — ECj
Cj(l + 8) = Cj+1 + ECj—1

¢i(1+¢e) =c¢jp1+¢e

So we have a recursive formula and now we can see that if we terminate after n recalculations

we have a telescoping product, and we have that

1 B 1—¢
Z?:o gl - 1 — gntl’

CcT =

Since the n + 1 phases have equal regret, the total regret is O(nTY), producing the bound of
RT =0 (nT 1_157111) . This bound tends to T for arbitrarily high constant n. 4 O
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We observe that this proof does hold for ¢ = 1, we just leave c¢; unsimplified and have

that the expected cumulative regret in this case is O(nT/").

5. Schedules with increasing recalculations in T

After seeing some extreme examples and results on constants, we wish to discover how
to improve the amount of times needed to recalculate while still maintaining the optimum
expected regret. By employing a “doubling trick” argument, we see that we can easily reduce
to log(7") recalculations. We note that other settings have also been studied that achieve
optimal regret using logarithmically many policy “switches,” /Abbasi-Yadkori et al.| (2011));
Jaksch et al.| (2010).

LEMMA 21. Let D be a probability distribution from which T points are sampled online
and let Ry = O(1/t°) for 0 < e < 1. There exists a sequence of log(T) recalculations for

which we can achieve optimal expected regret of O(T17¢).

PROOF. Let T = 2™, with m sufficiently large, and let £ = {2° 2! ... 2™~ 1} If we

recalculate the algorithm after seeing each point in £, then we have the following expected

cost:
m  2¢ m 2 1
>y r<0(>3 (5)
i=0 t=1 i=0 t= 2
=0 zm: (2i—(i—1)6))
=0
=0 zm: (21‘(1—5))>
i=0
=0 (2(1—5)m)
=0 (T"9).

This establishes that we can recalculate log(7") times and achieve optimal expected regret of

T . U U
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We observe that if the regret is of the form R; = O(1/t) (the € = 1 case), then the regret
will be bounded by O(logT') in the above schedule.

We’ve established that we can achieve optimal expected regret with only log(7") recalcu-

lations, we go on to establish that we cannot improve this to loglog(T"), by showing that the

expected regret when taking loglog(T) recalculations is O(loglog(T)v/T).

LEMMA 22. Let D be a probability distribution from which T are sampled online and
let Ry = O(1/t°) for 0 < ¢ < 1, where ¢ = 1/e. There exists a sequence of loglog(T)

recalculations such that we can achieve an expected regret of O(loglog(T)T"~¢).

PROOF. Let T = ¢, with m sufficiently large. Let £ = {o,{1,...¢,}. We recalculate
after seeing each point in L.

We wish to find a schedule that will cover all 7" with loglog(T") recalculations. We do
this with the following schedule: at epoch 7, once we have seen a total of T < points we
recalculate. We show that if we cover half of T" at epoch loglog(T"), then in the next epoch
we will have seen all of T. So we establish this recalculation schedule achieves this. Let y be

the amount of times needed to see half of T under the above scheduling scheme, so:

le=T"°"

—log.(c) = (—c7¥)log.(T)
1
log(T')

y = log, log.(T').

=c Y

We note that we found the exact point at which we would have half, and that this makes
loglog(7T") the minimum amount of rounds needed to cover all of 7' with this particular
schedule. We can be sure of this since there were no assumptions made on the size of T, so

we couldn’t reduce to logloglog(T") rounds. So now, we can sum our per-round cost over



5. SCHEDULES WITH INCREASING RECALCULATIONS IN T 46
the amount of rounds we must run:

i 2

m Ti—c m Ti—¢ )

_ (:7‘71.—1
E E RT17C7(¢71) S E E T c?
i=0 t=1 i=1 t=1

m
— § :Tl—c_i—c_l—i-c_i
=1

= loglog(T)T'~""

= loglog(T)T"¢.

Computing the inner sum, we see that at each round, we will have O(T?¢) expected regret.

U U

We note this proof does not extend to the ¢ = 1 case, since the argument hinges on the
expected regret being bounded by O(T'~9).
Now we establish a lower bound, in particular that we cannot achieve an expected regret

of O(T'~¢) with loglog(T) recalculations.

LEMMA 23. Any schedule that performs O(loglogT) recalculations using an algorithm
that suffers per-round regret of R = O(1/t°), 0 < & < 1, must suffer w(T'°) cumulative

regret.

PROOF. Given loglog(T') recalculations, we are lower-bounded by a regret of O(T"'7¢).
Specifically, we show that we cannot achieve a regret of O(T"~¢) given loglog(T) recalcula-
tions. So assume to the contrary, that there exists a schedule that does this. Now, to achieve
this clearly the regret incurred at each recalculation has to be O(T"'7¢). Based on this we
craft an inductive argument on the size of each recalculation round. At round 7 — 1, the
size, T must be O(T'~"). As a base case, we see that T = O(T"~¢). We move onto the

inductive step: We note that the regret for round ¢ is

TCi T—Eci_1 — O (Tl—e)

Tci — O(Tl—&-ﬁ-ECi,l ) .
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This implies,
i <l—c+e(l—e7?)

C; S 1— éfi_l.

This, then results in the total portion of T" witnessed as Zfiiog(T) T'—=". Now, since
log log(T) S
3 T <loglog(T)T " = o(T),
n=1

we have failed to witness all of T"in loglog(7") rounds and have reached a contradiction. [

O

We note this proof does not extend to the ¢ = 1 case, since the argument hinges on the

expected regret being bounded by O(T'~9).



CHAPTER 4

Cross-Validation Error Dynamics in Smaller Datasets

1. Introduction

Cross-validation (CV) is a long-standing widely-used (Kohavi, |1995; Stone, |1974) tech-
nique to estimate and optimize a model’s generalization performance by repeatedly splitting
data into training and test sets (see |Arlot and Celisse (2010)) for a survey). While cross-
validation has some known pitfalls (Dietterich) [1998]), we herein discuss an underappreciated
phenomenon that occurs especially in smaller datasets (containing, say, thousands, not mil-
lions of examples): that, across CV splits, training error and test error tend to be negatively
correlated—splits where a model fits the training data especially well often yield higher test
error, and vice versa. We have also observed a more moderate negative correlation between
training and holdout error, as well as almost no correlation between test error and holdout
error. These phenomena are of course related to others that have previously been studied,
especially in work accounting for the variance in the test and training splits (Nadeau and
Bengiol 2003) and on correlations across splits Bates et al.| (2024); Bayle et al. (2020).

In this chapter, we introduce a simple model that accounts for these patterns. We show
how hypergeometric sampling (sampling from a finite population without replacement) of
these types induces the observed anti-correlation between training and test splits, and we
show how a model’s tendency to overfit to its training data can also account for the negative

correlation observed between test and holdout error.

2. An empirical finding

In experimenting with cross-validation on smaller datasets, we repeatedly observed a

strong anti-correlation between training and test errors across runs. This phenomenon

48



2. AN EMPIRICAL FINDING 49
seemed surprising at first, though it is easily explainable (as we discuss in the next sec-
tion). Moreover, we saw a moderate anti-correlation between training and holdout errors
and a negligible anti-correlation between test and holdout.

Our experiments first chose a holdout set and then repeatedly split the remaining data
into training and test sets, with the holdout set fixed. Figure |3 shows a graphical display
of these phenomena on the ‘Adult’ UCI dataset, run on AdaBoost. The aim of this short
paper is to discuss this experimental phenomenon and come up with a convincing model to
explain it. We also investigate the ramifications of such an anti-correlation between test and
train performance. Running multiple experiments [Ijon 11 different datasets testing model
selection strategy’s effect on mean accuracy. Models were selected based on lowest train error
and the lowest test error performance measured against a randomly selected model. We saw
a general tendency for models selected based on lowest train error to slightly out-perform

both randomly selected models and models selected based on lowest test error.

2.1. Experimental Methods. All experiments were conducted within a single, fully
reproducible notebook that implemented data loading, preprocessing, model training, cross-
validation, and evaluation. For each dataset, we first sampled a fixed holdout set, which
remained unchanged throughout the experiment. The remaining data were repeatedly split
into training and test subsets using uniformly random partitions without replacement. Unless
otherwise specified, each experiment consisted of 100 independent train—test splits. This
design isolates variance arising from cross-validation itself, rather than from fluctuations in
the holdout set.

To ensure comparability across models and datasets, we used a standardized preprocess-
ing pipeline based on scikit-learn’s ColumnTransformer: continuous features were scaled
using standardization, and categorical features were one-hot encoded. We evaluated five

commonly used classification algorithms:

e AdaBoost with 50 decision-stump base learners,
e Random Forests with 100 trees and maximum depth 10,

e RBF-kernel SVM with C' = 1.0,
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e Logistic Regression with a maximum of 1000 iterations,
e A feedforward neural network (MLP) with hidden layers of sizes (100, 50), early

stopping, and maximum 300 training iterations.

For each train—test split, we recorded the training error, test error, and holdout error, pro-
ducing a triple of error quantities for every model instantiation. These values were used to
compute empirical correlations, generate scatterplots, and evaluate model-selection strate-
gies.

To study the effect of the observed train—test anti-correlation on model choice, we re-
peated the procedure across 11 datasets. For each dataset and algorithm, we compared three
selection rules: choosing the model with the lowest training error, choosing the model with
the lowest test error, and selecting a model uniformly at random. The holdout accuracy
of the selected model was then used as the evaluation metric. Aggregated results across
datasets are reported in Figure Our methodological goal here was not hyperparameter
optimization but rather to examine the structural behavior of cross-validation under repeated

random splits in small data regimes.

2.2. Analysis of Results. Repeated experimentation revealed mild patterns in test—
train anti-correlation and best model performance that we examine here. In Figure [2] we see
that outside of cross-validation trained with a neural network, there is a consistent pattern of
anti-correlation between test and train error rates. This deviation in anti-correlation cannot
be explained solely by differences in training error, i.e. anti-correlation wasn’t lost due to no
variability in training errors, as several of the other models also consistently achieve near-
zero training error. Instead, we hypothesize that anti-correlation relies on a form of bias that
links the difficulty of the training fold to the effective complexity of the learned classifier.
For models such as AdaBoost or SVMs, a “hard” fold forces the learner toward a simpler or
more biased decision boundary, which tends to generalize better; conversely, an “easy” fold
allows the model to fit more idiosyncratic structure, often harming test performance. This

coupling creates the systematic inversion of training and testing errors.
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Neural networks, by contrast, do not exhibit such behavior in the small-data regime.
One plausible hypothesis is that when faced with harder folds, they do not systematically
revert to simpler effective hypotheses, but instead rely on high-dimensional representations
whose effective complexity does not contract in a predictable way. As a result, variations
in training-set difficulty do not induce correspondingly structured changes in generalization
performance, and the train—test anti-correlation mechanism breaks down. This interpretation
is consistent wit a broader body of work documenting counterintuitive and stability-related
phenomena in neural networks/Belkin et al.| (2019)

We now address where this observed anti-correlation points to in terms of optimal model
selection. Unfortunately, we failed to consistently find a method of model selection that
yielded a statistically significant hold-out performance. However, we note that there is an
observed mild improvement on hold-out performance in models selected based on yielding
lowest train error. While often not statistically significantly different at n = 75 trials of
cross-validation, under a chi-square test of significance lowest train error models wins at
holdout performance most often among tested models at a statistically significant o = .05
level. Thus, when there is no obvious model choice, our recommendation is to select a model

based on lowest train error performance.

Training vs. Test Error Training vs. Holdout Error Test vs. Holdout Error
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FIGURE 1. Results from 100-fold AdaBoost Cross-Validation ran on Census
data, ‘Adult’, from UCI’s Machine Learning Repository (Kohavi and Becker,
1996)). We used decision stumps with 50 base learners in our AdaBoost model.
We then performed 100-fold cross validation. There are slightly over 48 thou-
sand instances and 15 features in this data set. The data was partitioned into
train, test, and hold-out as follows: initially 10% was reserved as the hold-out
set, then 67.5% of the data was devoted to the training set and the remaining
22.5% to the test set.
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Train-Test Error Correlations by Dataset and Algorithm

Adult Income 0.038 = 0.149 -0.669 + 0.057 -0.217 £ 0.123 -0.286 = 0.085
Bank Marketing -0.789 * 0.044 0.232 £ 0.109 -0.018 * 0.086 -0.294 + 0.095
Heart Disease -0.740 = 0.059 -0.009 = 0.096

lonosphere -0.309 + 0.100 -0.555 + 0.078 0.635 = 0.071
-0.25 -
i
3 Letter Recognition -0.243 = 0.155 0.780 * 0.051 0.287 £ 0.103 -0.232 = 0.104 -0.00 §
g 5
[
-—0.25._
Spambase -0.221 £ 0.124 -0.420 = 1 -0.680 + 0.056
-0.50
Statlog Shuttle -0.709 + 0.082 -0.503 + 0.169 0.689 * 0.072 -0.538 + 0.107 -0.493 + 0.151
Wine Quality -0.195 + 0.103 -0.748 + 0.052 0.394 + 0.092 0.061 + 0.092 -0.510 + 0.100 _0.75
Yeast -0.294 + 0.177 -0.829 = 0.039 0.363 + 0.108 -0.137 £ 0.102 -0.629 * 0.066
-1.00
Algorithm
FIGURE 2. Visualization of the mean and standard deviation of correlation
between test and train error rates by dataset and algorithm. This is the
average of 75 separate runs of cross-validation run on different random seeds,
in attempt to capture the true pattern of correlation. We see aside from CV
with Neural Network, that we consistently see our acclaimed anti-correlation.
Table 1: Mean accuracy performance + standard deviation
across 75 runs for each dataset, algorithm, and selection strat-
egy. Datasets all pulled from UCI’s Machine Learning Repos-
itory. Bolded entries indicate the best performing strategy,
asterisks indicate a statistically significant result based on an
«a = .05 confidence level.
Dataset Algorithm Lowest Train Error Lowest Test Error Random Baseline

AdaBoost 0.580 + 0.008* 0.578 £ 0.008 0.577 £ 0.008
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Dataset Algorithm Lowest Train Error Lowest Test Error Random Baseline
Logistic Regression 0.575 £ 0.009 0.576 £ 0.009 0.576 £ 0.008
Adult Income Neural Network 0.553 £ 0.011 0.566 + 0.009* 0.565 + 0.011
Random Forest 0.581 £+ 0.007 0.580 £ 0.007 0.581 £ 0.008
SVM 0.572 £ 0.009 0.573 + 0.007 0.572 £ 0.008
AdaBoost 0.895 £ 0.005 0.894 £ 0.005 0.894 £ 0.006
Logistic Regression  0.898 + 0.006 0.897 + 0.005 0.897 £ 0.005
Bank Marketing Neural Network 0.897 £+ 0.007 0.900 £+ 0.006 0.898 £+ 0.007
Random Forest 0.897 + 0.004 0.896 £+ 0.004 0.896 £+ 0.004
SVM 0.898 £+ 0.006 0.897 £ 0.005 0.897 £ 0.005
AdaBoost 0.803 £ 0.059 0.810 £ 0.055 0.807 £ 0.060
Logistic Regression 0.821 + 0.057 0.823 + 0.055 0.820 £ 0.051
Heart Disease Neural Network 0.816 + 0.047 0.808 £ 0.057 0.802 £ 0.055
Random Forest 0.810 £ 0.057 0.807 £ 0.057 0.815 £+ 0.058
SVM 0.816 £ 0.056 0.808 £ 0.055 0.821 £ 0.057
AdaBoost 0.883 £ 0.039 0.890 £ 0.038 0.892 £ 0.041
Logistic Regression 0.878 + 0.041 0.887 + 0.045 0.881 £ 0.043
Ionosphere Neural Network 0.894 + 0.048* 0.886 + 0.049 0.860 £ 0.051
Random Forest 0.934 £ 0.033 0.936 £ 0.031 0.938 £+ 0.034
SVM 0.938 £ 0.035 0.938 £ 0.033 0.939 £+ 0.033
AdaBoost 0.933 £ 0.012 0.932 £ 0.011 0.931 £ 0.011
Logistic Regression  0.930 + 0.011 0.930 + 0.011 0.929 + 0.010
Landsat Neural Network 0.950 + 0.010* 0.946 + 0.010 0.945 £ 0.012
Random Forest 0.954 £+ 0.009 0.954 £+ 0.009 0.954 £+ 0.009
SVM 0.952 + 0.009 0.951 £ 0.010 0.951 £ 0.010
AdaBoost 0.851 + 0.008* 0.847 £ 0.009 0.844 £ 0.008
Logistic Regression  0.808 + 0.007* 0.805 £ 0.007 0.805 + 0.007
Letter Recognition Neural Network 0.948 + 0.009* 0.945 + 0.009 0.940 £ 0.010
Random Forest 0.919 + 0.008* 0.916 £ 0.009 0.914 £ 0.010
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Dataset Algorithm Lowest Train Error Lowest Test Error Random Baseline
SVM 0.922 £+ 0.009 0.919 £ 0.009 0.919 £ 0.009
AdaBoost 0.896 £+ 0.007 0.895 £ 0.007 0.894 £ 0.007
Logistic Regression 0.887 + 0.007 0.886 + 0.006 0.887 £ 0.006
Online Shoppers Neural Network 0.898 4+ 0.007 0.900 + 0.007 0.899 + 0.007
Random Forest 0.905 + 0.007 0.905 + 0.007 0.905 + 0.006
SVM 0.894 £ 0.006 0.894 + 0.006 0.894 + 0.006
AdaBoost 0.900 £ 0.041 0.908 £ 0.036 0.898 £ 0.044
Logistic Regression  0.926 + 0.010 0.924 4+ 0.010 0.924 4+ 0.010
Spambase Neural Network 0.941 + 0.008 0.939 £ 0.009 0.938 £ 0.008
Random Forest 0.940 £ 0.008 0.939 £ 0.009 0.940 £ 0.008
SVM 0.930 £+ 0.009 0.930 £+ 0.010 0.930 £+ 0.009
AdaBoost 0.997 £ 0.002 0.997 £ 0.002 0.997 £ 0.002
Logistic Regression  0.962 + 0.007 0.961 £ 0.007 0.961 = 0.007
Statlog Shuttle Neural Network 0.997 + 0.002* 0.996 + 0.002 0.996 + 0.003
Random Forest 0.998 + 0.001 0.998 + 0.001 0.998 + 0.001
SVM 0.996 £+ 0.002 0.996 £+ 0.002 0.996 £ 0.002
AdaBoost 0.818 £+ 0.008 0.818 £+ 0.008 0.816 £ 0.008
Logistic Regression ~ 0.818 £+ 0.008 0.818 £ 0.008 0.818 + 0.008
Wine Quality Neural Network 0.839 + 0.010* 0.835 4+ 0.010 0.831 + 0.010
Random Forest 0.866 + 0.008 0.864 £ 0.008 0.864 £+ 0.008
SVM 0.834 + 0.007 0.832 £ 0.008 0.833 £+ 0.007
AdaBoost 0.772 £ 0.025 0.765 £ 0.028 0.762 £+ 0.027
Logistic Regression  0.761 + 0.022 0.756 £ 0.021 0.755 £ 0.020
Yeast Neural Network 0.772 £ 0.027 0.766 £ 0.023 0.766 £ 0.025
Random Forest 0.777 £ 0.024 0.776 £ 0.025 0.777 £ 0.025
SVM 0.771 £ 0.025 0.771 £ 0.023  0.771 £+ 0.023
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Adult Income - AdaBoost: Cumulative Performance by Strategy

Lowest Test Error
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FIGURE 3. Results from 75 runs of AdaBoost 100-fold Cross-Validation ran
on Census data, ‘Adult’, from UCI’'s Machine Learning Repository (Kohavi
and Becker 1996). We used the same setup as above, and ran on different
random seeds. This is exemplifying the process of how we attained the final
numbers in Table [

3. A theoretical explanation

This section presents a minimal probabilistic model consistent with our experimental
findings: (i) training and CV-test errors are strongly negatively correlated across splits, (ii)
training and holdout errors exhibit a nontrivial (typically moderate) correlation, and (iii)
CV-test and holdout errors are only weakly correlated. The key point is that these three
phenomena arise from distinct sources of variability that affect the observed errors in different
ways.

We model three conceptually separate contributors to across-split variability:

(1) Fold composition (difficulty) variability induced by sampling without replace-
ment from a finite population, which affects train and test in opposite directions
and is absent from the fixed holdout set.

(2) Overfitting variability, summarized by a scalar §, which lowers training error but

increases out-of-sample (test and holdout) error.
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(3) Overall generalization-quality variability, summarized by a scalar v, which
captures split-to-split fluctuations in how well the learned hypothesis generalizes

across all evaluation sets.

This separation allows training-test error to be strongly anti-correlated while training—

holdout and test—holdout correlations remain weaker.

3.1. Setup and latent “difficulty” field. Let N be the total dataset size. We first
draw a fixed holdout set of size H, leaving M = N — H points for repeated random train—test
splitting. On each replicate, we draw a training set of size n uniformly at random without
replacement from these M points, and the remaining m = M — n points form the CV test
fold.

To model heterogeneity in example difficulty, assign each of the M CV points a fixed

(but unobserved) difficulty score u;, i = 1,..., M, with finite-population mean zero:

1 M
e

Let the finite-population variance be

M

f= Sl

=1

For a given split, define the average difficulty in the training and test folds as

B 1 N 1
Utrain = — E Ui, Utest = — § Uy.
n m

i€Train i€Test

Because Train and Test are complementary subsets of the same centered finite population,

_ _ _ n _
N Utrain + M Utest = 0 - Utest, = _Eutrain- (7)

Thus, fold-composition effects are perfectly negatively aligned between training and test

splits.
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Standard sampling-without-replacement identities yield

n 52 m 82
Vi _rain:<1__)_u:_‘_u, 8
ar ({ierain) M/ n M n (8)

m\s: n s
V es fd <1 —_ —> v . _u7 9
ar (tyest) M/ m M m 9)

82

COV(atraina atest) - Mu (10)

3.2. Model-level variability. We introduce two split-level latent variables.
Overfitting variability. Let 6 capture split-to-split variation in effective model complexity

or overfitting. Larger 0 lowers training error but increases out-of-sample error. Assume
E[6] =0, Var(8) = o3.

Generalization-quality variability. Let v capture variation in the overall quality of the
learned hypothesis across splits, reflecting factors such as how informative or representative

the training fold is. Larger v corresponds to uniformly better generalization. Assume

E[] =0,  Var(y) =07

v

For simplicity, we treat 0, v, and the fold-composition averages (#irain, Utest) @S mutu-
ally uncorrelated. The assumption of independence is made for analytical clarity; allowing

moderate dependence does not change the qualitative conclusions.

3.3. Observed errors. We model the observed errors as additive combinations of base-

line error, fold difficulty, model-level effects, and evaluation noise:

ﬁtrain =K + A Utrain — « o — Y + Etrain, (11)
ﬁtest =pn + a Utest 1 ﬁ 0 — Y+ Etests (12)
Phold = Hhotd + B0 — 7 + Enotdout- (13)

Here a > 0 scales the effect of fold difficulty; a, 3 > 0 control the strength of overfitting

effects (often a > [, reflecting stronger sensitivity of training error to overfitting); and
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Etrain, Etests Eholdout A€ Mean-zero noise terms, mutually uncorrelated and uncorrelated with

all latent variables.

3.4. Predicted covariances and correlations. Using (11)—(13) and (10), we obtain:
Train vs. Test.
2 S

v aBo; + 03. (14)

COV(ﬁtrainuﬁtes‘c) = -

In small datasets, the finite-population term dominates, yielding a strong negative correlation
despite the shared v component.

Train vs. Holdout.
Cov(Prrains Protd) = — B o5 + 0'3. (15)

Thus, training and holdout errors can exhibit a moderate correlation whose sign and magni-
tude depend on the balance between overfitting variability and overall generalization quality.

Test vs. Holdout.

COV(ﬁtestaﬁhold) 252 0§ + 0'3, > 0. (16)

The correlation between test and holdout errors will usually remain weak because pies in-

cludes an additional variance term from fold composition:
Var (Prest) = a* Var(iicest) + 705 4 07 + Var(test),

which is absent from py.q. This extra variability dilutes the test—holdout correlation even

when the covariance is positive.

3.5. Interpretation and “small data” behavior. The model isolates three distinct
mechanisms: exact complementarity of finite-population sampling (which drives strong train—
test anti-correlation), overfitting variability (which weakly couples training to out-of-sample
performance), and generalization-quality variability (which induces shared movement across

all error estimates). In small datasets, fold-composition effects dominate test-set variance,
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naturally explaining why test error is strongly anti-correlated with training error yet only
weakly informative about holdout performance. As dataset sizes increase and learning al-
gorithms become more stable, these effects diminish and the correlations collapse toward

Zero.

4. Conclusions

We documented an underappreciated empirical pattern in repeated cross-validation on
smaller datasets: training and test errors across splits tend to be strongly negatively corre-
lated, training and holdout errors exhibit a nontrivial (often moderate) correlation, and test
and holdout errors are only weakly correlated. Beyond being a curiosity, this behavior mat-
ters because it complicates the interpretation of cross-validation outcomes and can subtly
affect model selection when one repeatedly trains models on different random splits.

To explain these observations, we introduced a minimal generative model in Section [3|that
separates three sources of across-split variability: (i) finite-population sampling effects from
drawing complementary train/test folds without replacement, captured by the latent fold-
difficulty field u;; (ii) split-to-split variation in effective overfitting, summarized by §, which
reduces training error but worsens out-of-sample error; and (iii) split-to-split variation in
overall generalization quality, summarized by -, which shifts errors on train, test, and holdout
in a shared direction. In this model, the strong train—test anti-correlation is primarily a
consequence of complementarity in finite-population sampling, while the weaker relationships
involving holdout error arise from the shared model-level terms 6 and ~, with test—holdout
correlation additionally diluted by test-fold composition variance.

The model is intentionally coarse and leaves several natural refinements open. Most
notably, it does not explicitly model how particular “hard” examples migrate between folds
and influence the learned hypothesis, nor does it attempt to predict when particular learning
algorithms (e.g., neural networks in our experiments) will fail to exhibit the train—test anti-
correlation pattern. A more detailed treatment might allow 0 and ~ to depend on fold

difficulty, incorporate heterogeneity in example-level noise, or directly model algorithmic
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stability. Finally, it would be interesting to extend these ideas beyond classification to
regression and other loss functions, where analogous finite-sample correlation effects may

arise but interact differently with estimation error.



APPENDIX

Cross-Validation Experiment Code

This appendix contains the full Python source code used to run the cross-validation
experiments described in Chapter [ The code loads UCI benchmark datasets, partitions
each into holdout, test, and training sets (15%/25%/60%), and records training and test
errors across cross-validation folds to study the anti-correlation phenomenon.

The original experiments were run in Google Colab; the ucimlrepo package can be
installed via pip install ucimlrepo. After loading and processing datasets from ICML’s
repo, noting conversion to binary for some multiclass datasets, we then used the stated
function to run out CV experiements. We also note that the following function relies on
popular modules like numpy, sci-kit learn and pandas, and these dependencies would

have to be loaded, but this is omitted from the code for brevity.
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CROSS-VALIDATION EXPERIMENT CODE

def get_algorithm_instance(algo_name, seed):

"""Get a fresh instance of the specified algorithm with given seed"""

base_learner = DecisionTreeClassifier(max_depth=1)

algorithms = {

’AdaBoost’: AdaBoostClassifier(
estimator=base_learner,
n_estimators=50,
learning_rate=1.0,
random_state=seed

),

’Random Forest’: RandomForestClassifier(
n_estimators=100,
max_depth=10,

random_state=seed

),

YSYM?: SVC(
kernel="rbf’,
Cc=1.0,

random_state=seed

),

’Logistic Regression’: LogisticRegression(
max_iter=1000,
random_state=seed

),

’Neural Network’: MLPClassifier(
hidden_layer_sizes=(100, 50),
max_iter=300,
random_state=seed,
early_stopping=True,

validation_fraction=0.1
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def

CROSS-VALIDATION EXPERIMENT CODE

return algorithms[algo_name]

run_single_experiment (loop_id, X, y, n_runs=100, algorithm_names=None):
"""Run a single experiment loop for all algorithms - INDIVIDUAL MODELS ONLY"""

start_time = time.time()

if algorithm_names is None:
algorithm_names = [’AdaBoost’, ’Random Forest’, ’SVM’,

’Logistic Regression’, ’Neural Network’]

# Initialize holdout data (consistent across all runs for this loop)
X_train_val, X_holdout, y_train_val, y_holdout = train_test_split(

X, y, test_size=0.15, random_state=42 + loop_id, stratify=y

# Setup preprocessor
numeric_features = X.select_dtypes(include=[’int64’, >float64’]).columns

categorical_features = X.select_dtypes(include=[’object’]).columns

numeric_transformer = StandardScaler ()

categorical_transformer = OneHotEncoder (handle_unknown=’ignore’)

preprocessor = ColumnTransformer (
transformers=[
(’num’, numeric_transformer, numeric_features),

(’cat?, categorical_transformer, categorical_features)

n

all_loop_results = []

all_model_metrics = []

# Process each algorithm
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CROSS-VALIDATION EXPERIMENT CODE

69 for algo_name in algorithm_names:

70

71 models = []

72 train_errors = []

73 test_errors = []

74 holdout_errors = []

75

76 for seed in range(n_runs):

77 if seed % 20 == 0:

78

79 # Stratified split

80 X_train, X_test, y_train, y_test = train_test_split(
81 X_train_val, y_train_val,

82 test_size=0.25,

83 random_state=seed,

84 stratify=y_train_val

85 )

86

87 # Create pipeline with algorithm

88 current_algo = get_algorithm_instance(algo_name, seed)
89 pipeline = Pipeline([

90 (’preprocessor’, preprocessor),

91 (’classifier’, current_algo)

92 D

93

94 # Train

95 pipeline.fit (X_train, y_train)

96

97 # Calculate errors

98 train_error = 1 - accuracy_score(y_train, pipeline.predict(X_train))
99 test_error = 1 - accuracy_score(y_test, pipeline.predict(X_test))
100 holdout_error = 1 - accuracy_score(y_holdout, pipeline.predict(X_holdout))
101

102 models.append (pipeline)
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110

111

112
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114
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118

119

120

121
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128

129

130

131

132

133

134

135

136

CROSS-VALIDATION EXPERIMENT CODE

train_errors.append(train_error)
test_errors.append(test_error)

holdout_errors.append (holdout_error)

# Convert to arrays
train_errors = np.array(train_errors)
test_errors = np.array(test_errors)

holdout_errors = np.array(holdout_errors)

# Store individual model metrics
for i in range(n_runs):
all_model_metrics.append({

’experiment_id’: EXPERIMENT_ID,
’loop_id’: loop_id + 1,
’algorithm’: algo_name,
model_id’: i,
’train_error’: train_errorsl[i],
‘test_error’: test_errorsl[i],

‘holdout_error’: holdout_errors[i]

1))

pure_test_idx = np.argmin(test_errors)
aggressive_idx = np.argmin(train_errors)
np.random. seed (loop_id)

random_idx = np.random.choice(n_runs)

selection_strategies = {
"Lowest Test Error": pure_test_idx,
"Aggressive (Lowest Train Error)": aggressive_idx,

"Random Baseline": random_idx

for strategy_name, idx in selection_strategies.items():

best_model = models[idx]
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146

147

148

149

150

151

152

CROSS-VALIDATION EXPERIMENT CODE

y_pred = best_model.predict(X_holdout)

accuracy = accuracy_score(y_holdout, y_pred)

all_loop_results.append({
’experiment_id’: EXPERIMENT_ID,
’loop_id’: loop_id + 1,
’algorithm’: algo_name,
’strategy’: strategy_name,
’holdout_accuracy’: accuracy,
train_error’: train_errors[idx],
‘test_error’: test_errors[idx],
model_id’: idx,

b

return all_loop_results, pd.DataFrame(all_model_metrics)
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